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HUGNG DAN SU DUNG SACH

Mbi bai hoc trong sdch Toan 10 thudng cé cac phan nhu sau:

Hiy bao quan, gift gin sach giao khoa dé danh ting cac em hoc sinh 16p sau!



Loi noi dau

Céc ban hoc sinh, quy thay, c6 gido thin mén!
Sach Tedn 10 thudc b sach giao khoa Chdn troi sang tao dugce bien soan theo Chuong trinh
giao duc phé thong nam 2018 cua Bo Giao duc va Pao tao.
Cau tric sach Toan 10 duoc chia thanh hai tap.
T4p mét bao gom ba phan:
Pai s0 va Mot 50 yéu to0 Giai tich g6m ba chwong: Ménh dé va tdp hop; Bt phirong trinh
va he bc’frphfrong trinh béc nhat hai an; Ham sé bdc hai va dé thi.
Hinh hoc va Do lwong gdm hai chwong: Hé thite lirong trong tam gidc; Vecto:.
Th(’{mg ké va Xac suat gom mot chuong: Thong ké.
Pau méi chuong déu co néu 16 cac kién thitc co ban s& hoc va cac yeéu cau can dat cua
chuong. Cac bai hoc déu xay dung theo tinh than dinh huéng phat trién ning luc va thuong
duoc théng nhat theo cac budce: khoi dong, kham pha, thure hanh, van dung. Sach s€ tao nén
mot méi truong hoc tip va giang day twong tac tich cwe nham dam bao tinh d& day, d2 hoc
d6ng thoi hé tro cac phuong phap giang day hiéu qua.
Noi1 dung sach thé hién tinh tich hop, gén bo mon Toan voi cac mon hoc khac. Nhiing hoat
dong trai1 nghiem dwoc tang cuong gitip nguoi hoc co thém co hdi van dung Toan hoc vao
thuc tién, dong thoi tmg dung cong nghé théng tin vao vide hoc Toan.
Chung téi tin twdng rang voi cach bién soan nay, sach gido khoa Todn 10 s& ho tro tich cuc
va hiéu qua quy thay, ¢6 gido trong qua trinh day hoc, dong thoi gitip cac ban hoc sinh himg
thu hon khi hoc tap bo mon Toan.
Rat mong nhan duoc sw gdp v cia quy thay, ¢ gido va cac ban hoc sinh dé sach dwoc ngay
cang hoan thién hon.
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Phan DAl SO VA MOT SOYEUTO
GIAI TICH

Ménh dé va tap hop duoc coi la ngén ngir ctia todn hoc, la cong cu gitp con ngudi dién dat cac phét biéu toan hoc tré
nén thong nhat, ngén gon, ro rang va chinh xac.

Trong chuong nay, chiing ta sé tim hiéu vé hai khai niém ménh dé va tép hop, ciing nhu mét so khai niém coban lién
quan va lam quen véi viéc st dung chiing trong hoc tap va cudc song.

Sach van hoc

'J\I:'I-ilﬁ"lilllii: Jn \'TI'l .
= il

Sach & thu vién dugc sap xép nhu thé nao dé thuén tién cho viéc quan Ii va tim kiém?

ban c6 thé:

- Nhén biét va ldy duoc vi du vé ménh dé, ménh dé pha dinh, ménh dé kéo theo, ménh
dé dao, ménh dé tuong duong, ménh dé chia ki hiéu v va 3; st dung ding céc thuét
ngr diéu kién céan, diéu kién du, diéu kién can va du.

+ Xac dinh dugc tinh dlng sai ctia ménh dé trong nhimng trudng hop don gian.

« Nhan biét dugc cac khdi niém co ban vé tap hgp (tap hop, phéan td, tap con, hai tap hop
bang nhau, tap réng); st dung dung céc ki hiéu €, c, o, @.

+ Thuc hién dugc phép toén trén téap hop (hop, giao, hiéu cla hai tdp hop, phan bu clia
tap con); minh hoa dugc bang biéu dé Ven.

- Gidi quyét dugc mét s6 van dé thuc tién lién quan dén sé phan ti clia tép hop va cac
phép toan trén tap hop. )




Bai 1. Ménh dé

Tir khoa: Ménh dé; Ménh dé phu dinh; Ménh dé kéo theo; Ménh dé dao; Ménh dé tuong duong;
Ménh dé chita ki hiéu ¥, 3; Diéu kién can; Diéu kién dd; Diéu kién canva du.

Hay phat hiéu dinh li ¢ tom tatnhu
trén bang bang nhitng cach khac nhau.

Cho ABC la tam gidc can. Khi do, tam
gidc ABCco hai goc & day bang nhau. & Néu tam gidc ABC can thind
| hai géc & ddy bang nhau.

t:\:i sEE L VPE | |
Ban c6 thé phat biéu dinh i theo cach khac?
Sau bai hoc nay, ban con ¢é thé dua ra nhiing cach phét biéu khac nita.

1. Ménh dé

=y Xeét cac cau sau day:
1 (D1+1=2
(2) Dan ca Quan ho la di san van hoa phi
vt thé dai dién cta nhéan loai.
(3) Doi la mot loai chim.
(4) Nam c6 phai la métloai thue vat khong?
(5) Hoa hong dep nhat trong céac loai hoa.
(6) Tro1 o1, nong qua!
Trong nhitng cau trén,
a) Cau nao la khang dinh ding, cau nao la khiang dinh sai?
b) Cau nao khong phai 1a khang dinh?
¢) Cau nao la khang dinh, nhung khong thé xac dinh né ding hay sai?
Trong khoa hoc cfing nhw trong doi séng hing ngay, ngudi ta thuong dimg cac cau néu 1én
mot khang dinh. Nhimg khang dinh c6 tinh hodc ding hoic sai, nhw cac cau (1), (2), (3) & trén,
duoc goi 1a ménh dé logic (hay ménh dg).
£ 43 ‘ ,
® Ménh dé la mot khang dinh ding hoac sai.
Mot khing dinh ding goi la ménh dé ding.
Mot khing dinh sai goi 1a ménh d@é sai.
M6t ménh dé khong thé vira dung vira sai.

Hinh 1. Hdt déi Quan ho

Chi y: Nguoi ta thuong st dung cac chit caiinhoa P, O, R, ... dé ki hiéu ménh dé.
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Vidu 1
Trong cac cau sau day, cdunao 1a ménh d&?
a) 31as61¢; b)1+2>3;
¢) 7 1a s6 v6 ti phai khong? d) 0,0001 1a sb rat bé;
e) Pén nam 2050, con nguoi s& dit chan 1én Sao Hoa.
Gidi
a) “31as616” 1a ménh dé (1a ménh d ding).
b) “1 +2 >3 1a ménh dé (1a ménh dé sai).
¢) “n 1a m6t s6 vo ti phai khong?” 1a cau héi, khong phai ménh dé.
d) ,Céiu “0,090} 1a 6 rat bé” khong ¢ tinh hodc ding hoéc sai (do khong dwa ra tieu chi
the nao la so rat bé). Do do, no khong phai 1la ménh de.
e) “Pén nim 2050, con nguoi sé dat chan 1én Sao Hoa la mot khfmg dinh chua thé chic
chén la ding hgiy sai. Tuy nhién, no chac chan chi co thé hoic ding hodc sai. Do dd, no
la mot ménh de.
Chii y: Nhitng ménh d lién quan dén toan hoc (nhu cac ménh d & cau a) va b) trong
Vi du 1) con duoc goi la ménh dé todn hoc.

Trong cac cau sau, cau nao la meénh de?

: 1 1 1
a) v/2 1a sb vo ti; e ., A TR
V2 V3 o
¢) 100 4 14 s6 rat 16m; d) Tro1 hom nay dep qua!

Xét tinh dung sai clia cac ménh dé sau:
a) Vinh Ha Long la di san thién nhién thé gidi;
b) V(5" =-5;

c) 52+ 122=13%

2. Ménh dé chura bién Hinh 2. Vinh Ha Long

£

Xét cau “n chia hét cho 57 (n 14 s6 tw nhién).
a) Co thé khang dinh cau trén la ding hay sai khong?

b) Tim hai gia tri ctia 7 sao cho cau trén 1a khang dinh dung, hai gia tri ctia » sao cho
cau trén la khéng dinh sai.

Cau “n chia hét cho 57 1a mot khing dinh, nhung khong 1a ménh dé, vi khing dinh nay co
thé dung hodc sai, tuy theo gia tri cia n. Tuy vay, khi thay » bang mot s6 tu nhién cu thé
thi ta nhan duoc mot ménh dé. Nguoi ta goi “n chia hét cho 5”14 mot ménh dé chira bién
(bién n), ki hidu P(n). Ta viét P(n): “n chia hét cho 5 (n 14 s6 tu nhién).

~ ~ A r - A - A ’ ~ - A i - A - A
Mot ménh dé chnra bién co the clira mot bién hoac nhiéu bién.



Vidu2
Cho cac ménh d? chita bién:
a) P(x): “2x=17,
b) R(x, »): “2x + y=3” (ménh dé nay clnta hai bién x va y);
¢) T(n): “2n+ 1 1a s6 chan” ( 1a s6 tu nhién).
V6i méi ménh de chira ‘bién trén, im nhitng gia tri ctia bién d& nhan dwoc mot ménh
de dung va mot menh deé sai.
Gidi

2 Vi = TH P[l]: By S TS it A

2 2 2
Véix=1thi P(1): “2. 1 =1"1a ménh d sai.
b)Véix=1,y=1thiR(l, 1):“2.1+ 1 =3"1a ménh & ding.
Voix=1,y=2thiR(,2): “2.1+2=23"1a ménh dé sai.

¢) Lay s0 tu nhién n, bat ki ta déu duoe 2n, + 1 1a moét so 1€, nghia 1a T(n,): “2n, + 1
la 56 chan” 1a ménh d& sai. Do do, khong c6 gia tri », ctia  d&& T(n,) 1a ménh dé dung.
T(n,) 1a ménh dé sai véi s6 tw nhién », bat ki.

% V6i mbi ménh dé chira bién sau, tim nhiing gia tri ctia bién d& nhan duoc mét ménh dé
ding va mot ménh de sai.
a) Plx): “x*=27;
b) O(x): “x*+ 1> 07,
¢) R(n): “n+ 2 chia hét cho 3” (n 1a s6 tw nhién).

3. Ménh dé phu dinh

Xét cac cip ménh dé nam cung dong ctia bang (c6 hai cot P va P) sau day:

P P
Doi 1la mot loai chim. Doi khong phai 1a mét loai chim.
7 khong phai lamét sé hituti. | 7 1a mot s6 hitu .

V2443545, 2+ <45
V218 =6. 218 26,

Néu nhin xét vé tinh ding sai ctia hai ménh dé cting cip.
Vi timg cip ménh dé P va P& Q, ta thay chiing c6 tinh ding sai trai nguoc nhau (P ding thi
P saiva nguoc lai). Tandi ménh dé P laménh dé phii dinh (hoic phii dinh) cia ménh dé P.

> 1l
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Nhan xét: Thong thuong, dé phi dinh mét ménh dé, ngudi ta thuong thém (hoic bot)
tir “khong” hoic “khong phai” vao trude vi ngit cia ménh dé do, nhuw hai cip ménh dé

: A - ]
dau tién & Q . Tuy nhién, ta cling thwwong gap cach dien dat khac, nhu hai cdp ménh de

sau o 3.

¥ M&i ménh dé P ¢ ménh dé phi dinh, ki hidula P.
Ménh dé P va ménh dé phi dinh P ctia né ¢6 tinh dung sai trai nguoc nhau. Nghia la
khi P dung thi P sai, khi P sai thi P ding.

@

Vidu 3
Phat biéu ménh dé phu dinh cua cac ménh dé sau:
P: “Thang 12 duong lich ¢6 31 ngay™,
00N > 107
R: “Phwong trinh x*+ 1 = 0 ¢c6 nghiém™.
Gidi
Ménh dé phu dinh ctia cac ménh dé trén la:
P “Khong phai thang 12 duong lich co 31 ngay™;
D0 1%
R : “Phuong trinh ¥* + 1 =0 vd nghiém”.
Phat biéu ménh dé phu dinh cia cac ménh dé sau. Xét tinh dung sai ciia moi ménh dé
va ménh dé phu dinh cia no.
a) Paris la thu d6 cia nirde Anh;
b) 23 1a s6 nguyén to;
¢) 2021 chia hét cho 3;
d) Phuong trinh x* — 3x + 4 = 0 v0 nghiém.

4. Ménh dé kéo theo

Xét hai ménh dé sau:

(1) NéuABC la tam giac déu thi no 1a tam giac can;

(2) Néu2a—4>0thia>2.

a) Xét tinh ding sai ctia m6i ménh dé trén.

b) M&i ménh dé trén déu c6 dang “NéuP thi 0. Chi ra P va Q tmg v6i méi ménh dé do.



- . B . . .
Mo1 ménh dé ¢ ¢4 deu co dang “Neu P thi 0. Chung la nhitng ménh dé kéo theo.

¥ (Cho hai ménh dé P va 0. Ménh dé “NéuP thi O duoc goi la ménh dé kéo theo, ki hieu
laP—> 0

Ménh d& P = O chi sai khi P ding va O sai.

Nhan xét:
a) Ménh @2 P = O con duge phat biéula “P kéo theo 0” hoic “Tit P suyra Q.
b) Dé xét tinh ding sai ciia ménh{dé P = O, tachi can xét trwong hop P ding. Khi do,
néu O dung thi 1‘nénh de dung, néu Q sai thi ménh de sai. Ta da quen vai dieu nay kln
chirng minh nhiéu dinh li 6 Trung hoc co so.
Vidu 4
Xét tinh ding sai cia cac ménh dé sau:
a) R: “Néu tam giac 4BC ¢ hai goc bang 60° thi n6 1a tam giac déu”,
b) T: “Tu -3 <-2 suyra(-3)*< (-2)*".
Gidi

a) R 1a ménh dé c6 dang P = O, v6i P: “Tam giac ABC ¢ hai goc biang 60°” va O: “Tam giac

2

ABC'1a tam giac déu”. Ta thay khi P ding thi O ciing dimg. Do do, P = O ding hay R ding.
b T 1{2‘1 meénh dé‘ codang P = O, vc’Ji‘P: “ 3 <22”va 0. “(~3) < (-2)?’ (hay “5? Ay
Ta thay ménh dé P dung, con ménh dé O sai. Do do, P = Q sai. Vay 7' la ménh de sai.
Trong toan hoc, dinh &ila ménh dé dung. Cac dinh li trong toan hoc thuong c6 dang P = Q.
g Khi ménh d P = Q0 1a dinh li, ta ndi:
P la gid thiét, O 14 két ludn cia dinh li;
P 1a diéu kién dn & c6 O;

. . A . A A ’
O la diéu kién cdn de co P.

Vidu5s
Stt dung cac thuat ngit “diéu kién can”, “diéu kién da” dé phat biéu lai dinh li: “Néu tir
giac ABCD 1a hinh chit nhat thi hai dwong chéo bang nhau”.

Gidi
Ta cé thé phat biéu lai dinh li d cho nhu sau:
“T1t giac ABCD c6 hai duong chéo bang nhau la diéu kién can dé no 1a hinh chit nhat”
hoac “Tu giac ABCD la hinh chit nhat la diéu kién du d2 hai duong cheo b%'mg nhau”.
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% Xét hai ménh deé:
P: “Hai tam giac ABC va A'B'C'bang nhau”,
O: “Hai tam giac ABC va A'B'C" ¢ dién tich bang nhau”.
a) Phat biéu ménh & P = 0.

b) Ménh d& P = O c6 phai 1a mét dinh i khéng? Néu cd, st dung thuit ngit “diéu kién
can”, “diéu kién du” dé phat biéu dinh li nay theo hai cach khac nhau.

5. Ménh dé ddo. Hai ménh dé tuong duong

Q Xét hai ménh dé dang P = 0 saw:
“Neéu tam giac ABC la déu thi né co hai goc bang 60°7;
“Néua®—4=0thi a=2".
a) Chi ra P, O va xét tinh diing sai ctia mbi ménh dé trén.
b) Véi mdi ménh d da cho, phat biéuménh d& © = P va xét tinh dung sai ctia no.

0O

* Meénh dé Q = P duoc goi la ménh @é ddo ctia ménh dé P = Q.

Chii y: Ménh d dao cia mot ménh dé dung khong nhat thiét 1a ding.

-
* Néu ca hai ménh d& P = Q va O = P déu dimg thi ta néi P va O 1a hai ménh dé
twong dwong, ki hicu la P < QO (doc la “P ticong dwong Q” hoac “P khi va chi
khi O).

Khi d6, ta ciing noi P 1a diéu kién cdn va di dé c6 O (hay O la diéu kién can va
du dé co P).

Nhén xét: Hai ménh dé P va O twong duong khi ching cung ding hodc clng sai.
Vidué
Xét hai ménh de:

P: “Tam giac ABC vuodng tai 4™,

Q: “Tam giac ABC c6 AB*+ AC*= BC*”.

Hai ménh d& P va O ¢6 tuong duong khong? Néu co, hiy phat biéu mot dinh 1i thé hién
diéu nay, trong d6 co sit dung thudt ngit “khi va chi khi” hodc “diéu kién can va du”.



Gidi
Theo dinh li Pythagore, hai ménh & P = Q va Q0 = P déu dung. Do d6, P va O la hai
ménh d twong duong. Ta co thé phat biéu thanh dinh 1i nhw sau:

“Tam giac ABC vuong tai 4 klu va chi kln 4B* + AC* = BC*’
hoic “Dé tam giac ABC vuong tai A4, diéu kién can va di 1a 4B+ AC* = BC*”.
Q‘G Xét hai ménh dé:
P: “Tu giac ABCD la hinh vuéng™,
Q: “Tu giac ABCD la hinh chit nhat c6 hai duong chéo vudng goc voi nhau”.
a) Phat biéu ménh d& P = O va ménh & dio ctia nd.

b) Hai ménh d& P va Q co trong dwong khéng? Néu co, sit dung thuat ngit “diéu kién
can va d” hodc “khi va chi khi” dé phat biéu dinhli P < Q theo hai cach khac nhau.

6. Ménh dé chira ki hiéu v, 3

Q Xét tinh ding sai ciia cac ménh dé sau:
(1) V&i moi s6 tw nhién x, v/x 1a s vo ti;
(2) Binh phuong ciia moi s6 thue déu khong am;
(3) C6 s6 nguyén céng voi chinh no bang 0;
(4) C6 6 twnhién n sao cho 2n—1=0.

Trong toan hoc, d& ngian ngon, ngudi ta dung cac ki hidu ¥V (doc 1 véi moi) va 3 (doc 1a

t6n tai) & phat biéu nhimg ménh d nhu & Q . Ching han, c6 thé viét lai cac ménh dé
trén lan lirot nhu sau:

(1) ¥x e N, fx lasdvo ti; (2) Vx e R,x*>0;
B)IxeZ,x+tx=0; 4 3dne N, 2n-1=0.

Tandi (1), (2) 1a ménh d@é chiva ki hiéu v, (3), (4) 1a ménh d@é chira ki hiéu 3.
Tong quat homn, cé thé phat biéu hai loai ménh d& nay nhu sau:
“Vx € M,P(x)” va “Idx € M, P(x)”,
voi M 1a mot tap hop, P(x) 1a mot ménh dé chnta bién nao do.
'g.Ménh de “Vx € M, P(x)” ding néu véi moi x, € M, P(x,) la ménh dé dung.
Ménh dé “Ix € M, P(x)” dling néu cd x, € M sao cho P(x,) la ménh dé dung.
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Vidu7
Xét tinh dung sai va viét ménh dé phi dinh ctia cac ménh d sau:
a) Vx e R x>+ Ixt2 >0 b)dxe R, x*+3x+4=0.

Gidi
a) Ménh @& ding, vix*+ 2x+ 2=(x"+ 2x+ 1)+ 1 = (x + 1)+ 1 > 0 v6i moi 6 thue x.
Ménh dé phu dinh cia ménh d& nay 1a: 3x € R, ¥+ 2x + 2 < 0.
b) Ménh @ sai, vi phuong trinh x° + 3x + 4 =0 v6 nghiém (A= —7 < 0).
Ménh dé phu dinh ctia ménh d& nay 1a: Vx € R, ¥+ 3x + 4 # 0.

% Stt dung ki higu v, 3 d? viét cac ménh dé sau:

a) Mot s0 thuc cong voi so doi ciia no déu bang 0,

b) C6 mét s6 trr nhién ma binh phuong bang 9.

Qs Xét tinh diing sai va viét ménh.dé phi dinh ciia cie ménh dé sau:

BAI TAP

a) Vxe R, x*> 0, b)dx e R, x*=5x— 4, ¢)dxe Z,2x+1=0.

1. Trong cac khing dinh sau, khing dinh nao 1a ménh d&, khang dinh nao 1a ménh dé chua bién?

e

a)3+2>5; b) 1 -2x=0; Q) x—y=2; d1-+2 <o
Xét tinh dung sai clia cac ménh dé sau va phat biéu ménh dé phu dinh ctia chiing.
a) 2019 chia hét cho 3;

b) n <3,15;

¢) Nudc ta hién nay c6 5 thanh phé trne thude Trung wong;

d) Tam giac c6 hai goc bang 45° 1a tam giac vudng can.

. Xét hai ménh dé:

P: “Tw giac ABCD la hinh binh hanh™;
O: “Tt giac ABCD c6 hai duong chéo cit nhau tai trung diém ctia mdi duong”.
a) Phat bidu ménh d& P = O va xét tinh ding sai ctia no.

b) Phat biéu ménh dé dao ctia ménh &P = Q.



4. Cho cac ménh dé sau:
P: “Gia tn1 tuyét ddi ciia moi s6 thue déu 16n hon hodc b%'mg chinh no™;
O: “C6 s6 tu nhién sao cho binh phwrong cta né bang 107,
R: “C6 s6 thue x sao cho ¥ +2x — 1=10".
a) Xét tinh ding sai ctia moi ménh dé trén.

b) Stt dung ki hiéu v, 3 d2 viét lai cac ménh d& d cho.
5. Xeét tinh dung sai va viét ménh dé phu dinh cua cac ménh dé sau day:
A)IxeN,x+3=0, b)VreRx2+1>2x O VaeR, Ja* =a.

6. Cho cac dinh li:
P: “Néu hai tam giac bang nhau thi dién tich ctia ching bang nhau”;
O: “Néua<bthia+tc<b+c’(ab,ceR).
a) Chi ra gia thiét va két ludn ctia méi dinh 1i.
b) Phat biéu lai méi dinh 1i d4 cho, st dung thuét ngit “diéu kién can™ hoac “diéu kién da”.
¢) Ménh dé dao cia mdi dinh 1i d6 ¢6 1a dinh li khong?

7. St dung thuat ngit “diéu kidn can va di”, phat biéu lai cac dinh 1i sau:
a) Mot phuong trinh bac hai ¢ hai nghiém phan biét khi va chi khi biét thiic cia no duong;
b) Mot hinh binh hanh 1a hinh thot thi no cé hai duong chéo vuong goc voi nhau va nguoc lai.

Ban c6 biét?
Cac gia thuyét trong toan hoc

Trong toan hoc, c6 nhiing ménh dé dwoe tin la ding nhung chwa thé ching minh hay bac
b6 (tikc chi ra rang no sai). Ménh dé nhw vay duoc goi 1a mot gid thuyét toan hoc.
Nhiéu gia thuyét toan hoe 1a thach thitc 16n cho cac nha toan hoc trong thoi gian dai, cudi
cung di duge chimg minh. Chiang han, Pinh li 16n Fermat “Khéng ton tai ba s6 nguyén
duong x, v, = sao cho ¥ + " = =", trong d6 » 1a s6 nguyén, n > 27 dugc Pierre de Fermat
(1607 — 1665, nha toan hoc nguoi Phap) phat biéu vao nam 1630 trén bia mot cudn sach,
kém theo dong chit ndi ring 6ng cé phwrong phap dé chiimg minh nhung khong thé viétra
vi 1 sach qua hep. Phai sau d6 gan bon thé ki, Binh li 16n Fermat méi duge chimg minh
bai nha toan hoc nguro1 Anh Andrew Wiles vao nam 1994,

Co nhitng gia thuyét twéng chic dung, nhung sau dé ngudi ta chi ra no sai. Ciing co
nhitng gia thuyét dén nay van chua thé chimg minh hay bac bo. Ching han, gia thuyét
Goldbach (Christian Goldbach, 1690 — 1764, 1a nha toan hoc nguoi Birc) phat biéu rang
“Moi s6 chian 16n hon 2 1a téng cla hai s6 nguyén t6” (vi du: 4=2 + 2,6 =3 + 3,
8=3+5,10=3+7,...). Nhitng gia thuyét nhu vay dang chd doi cac nha toan hoc chinh
phuc trong twong lai.

(Theo Britannica)
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Bai 2. Tap hop

Tir khoa: Tap hop; Phan ti; Thudc; Khéng thudc; Tap hop rong; Tap con; Nam trong; Chita;
Doan; Khoang; Niia khoang.

Gi sitban c6 mét gid sach va cac quyén sach
" nhu hinh dui day. Ban sé xép cac quyén sach |
cia minh 1én gia nhu thé nao? Hay giai thich. '

1. Nhdc lai vé tap hop

Nhu d4 biét & cap Trung hoc co s6, trong toan hoc, ngudi ta ding tit tdp hep d& chi mot
nhém dbi twong nao doé hoan toan xac dinh. Méi déi twong trong nhom goi 1a mot phdn i
cua tap hop do.
Vidu 1
a) Cac hoc sinh cua lop 10A tao thanh mét tap hop. Cac hoc sinh nit cua 16p nay cling
tao thanh mot tap hop.
b) Cac nghiém cua phwong trinh x*> — 4 = 0 tao thanh mot tap hop (goi 1a tap nghiém cia
phwong trinh x2 — 4 = 0). Tap hop nay ¢6 hai phan it 14 2 va 2.

Nguoi ta thuong ki hidu tap hop bang céc chit cai in hoa 4, B, C, ... va ki hidu phan ti cia
tap hop bang cac chit cai in thuong a, b, c, ...
Chi y: Béi khi, dé ngan gon nguoi ta ding tir “tap” thay cho “tap hop™.

Dé chi a 14 mot phan ti cia tap hop 4, ta viét a € A (doc 1a “a thude A”). BE chi a khong 1a
phan tit cia tap hop A, ta viét @ ¢ 4 (doc 1a “a khéng thudc A™).

Mot tap hop co thé khong chira phan tit nao. Tap hop nhuw vay goi 1a tdp réng, ki hiéu @.
Vidu2
a) Cho 4 la tap hop cac s6 tu nhién chinnho hon 10, khi 300 e 4,4 4,1 ¢ 4,10 ¢ A.
b) Néu goi B la tap hop cac thang trong nim am lich ¢6 31 ngay, thi B 1a tip réng.

Nguoi ta thuong ki hidu cac tap hop s6 nhw sau: N 14 tap hop cac s6 tw nhién; Z la tap hop
cac sO nguyén; Q 1a tip hop cac s6 hitu ti; R 1a tap hop cac s6 thuec.

@ a) Lay ba vi du vé tip hop va chi ra mét s6 phan tit ctia ching.

: b) Véi méi tip hop N, Z, Q, R, hiy st dung ki hiéu € va ¢ dé chi ra hai phan ti thudc,
hai phan tit khong thuoc tap hop do.

s



Cach xac dinh tap hop

Xét tap hop 4 cac s6 tw nhién chin nhé hon 15. Ta co thé viét tap hop 4 dudi dang liér ké
cdc phcin nr.

A=1{0.2;4;6,8;10;12; 14},
hodc dwdi dang chi ra tinh chdt ddc trung cho cac phan tir:

A={x|x e N, xchinvax<15}.

Chi y: Khi lidt ké cac phan ti ctia tap hop, ta co mét s6 chuy sau diy:

a) Cac phan ti co thé duoc viét theo tht tu tuy y. Chang han, dé viét tap hop 4 cac
nghiém ctia phuong tiinh x(x — 1) =0, ta ¢6 thé viét 4 = {0; 1} hoic4 = {1;0}.
b) M4i phan tit chi duoc liét k& mot 1an. Chéng han, néu ki hiéu B 1a tap hop cac chit cai
tiéng Anh trong tw “mathematics” thi B = {m; a; t, h; e. i; c; s}.
¢) Néu quy tic xac dinh cac phan ti di 16 thi nguoi ta ding ...~ ma khéng nhat thiét viét
ra tat ca cac phan ti cia tip hop. Ching han, tap hop cac s6 t nhién khéng qua 100 co
thé duge viét1a {0; 1;2; ...; 100} .
Vidu 3
Viét méi tap hop sau dudi dang thich hop:
a) Tap hop 4 cac woc duong cua 18;
b) Tap hop B cac nghiém cua phurong trinh x* + 3x— 4 =0;
¢) Tap hop C cac s6 i nhién 1é;
d) Tap hop D cac nghiém cua phuong trinh x + 3y =1.

Gidi
a) Sb 18 ¢ cac udce duonglal;2;3;6.9;18. Dodo4d={1;2;3,6,9; 18}.
b) Giai phwong trinh x* + 3x — 4 = 0 nhan duoc hai nghiém 1 va —4. Do d6 B = {1; —4}.
Ta ciing c6 thé viét B={x € R|x’+3x—4=0).
¢) Ta c6 thé viét dudi dang liét ké cac phan ti: C={1;3;5; 7; ...}. Ta ciing co thé viét
dudi dang chi ra tinh chat dic trung cho cac phan tt: C = {x | x € N, x1a 618} hoic

C={xeN|xlas61&} hoic C={x|x=2n+1,ne N}.

d) Taviet D= {(x;») |x,y € R, x+3y=1).

Chui y: C6 nhing tap hop, nhw.4 va B ¢ Vi du 3, ta ¢ thé dém heét cac phan tir ctia ching.
Nhitng tap hop nhu vay duoc goi la tap hop hitu han.

Néu E 1a tap hop hitu han thi s6 phan tit ctia n6 dwoc ki hicu 1a n(E). Ching han, trong
Vidu 3, ta co: n(4) =6 va n(B) = 2.

Pic bist, (D) = 0.
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% Viét cac tip hop sau dy dudi dang liét k& cac phan ti va tim s6 phan ti ctia méi tap hop do:
a) Tap hop 4 cac wdc cua 24,
b) Tap hop B gom cac chit s6 trong s6 1113305,
c)C={neN|nlabdiciaSvan<30},
d)D={xe R|x*-2x+3=0}.

Viét cac tip hop sau day dudi dang chi ra tinh chat dic trung cho cac phan ti:
ayd=+1,3-58;..:15};

bB) B ={0;5:10.15:20; .. };

¢) Tap hop C cac nghiém clia bat phuong trinh 2x+ 5 > 0.

2. Tap con va hai tap hop bdng nhau

Trong mdi truong hop sau diy, gifta hai tip hop 4 va B ¢ diéu gi dic biét? (Cac phan
¥ cua tap hop A4 co thude tap hop B khong?)

a)A={-1;1}vaB={-1,0;1;2};

b)A=NvaB=2Z7,

c) A la tap hop cac hoc sinh nit ctia lop 10E, B la tap hgp cac hoc sinh cua 16p nay,

d) A4 1a tap hop cac loai dong vat cé vi, B la tp hop cac loai dong vat ¢ xuong song.

Cho hai tap hop 4 va B. Néu moi phan tit ciia 4 déu la phan t ctia B thi ta néi tap hop 4
la tdp con cua tap hop B va ki hiéu 4 ¢ B (doc 1a A chura trong B), hoac B © A (doc la
B chita A).

Nhan xét:
*AcAvaD c Avoimoitap hop A4.

« Néu A4 khong phai 1a tip con ctia B thi ta ki hiéu 4 ¢ B (doc 1a A khéng chita trong B
hodc B khong chira A).

« Néud — B hoic B — A thi ta ndi 4 va B ¢co quan hé bao ham.

Trong toan hoc, nguoi ta thuong minh hoa B
tap hop bang mot hinh phing dwoc bao quanh
boi mot dwong cong kin, goi 14 biéu dé Ven (dat
theo tén nha toan hoc, nha triét hoc nguoi Anh
John Venn). Theo cach nay, ta co thé minh hoa

Ala tap con ctia B nhu Hinh 1. Hinh 1 Hinh 2. John Venn
(1834-1923)
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Chuy:

Giita cac tap hop s6 quen thude (tap so tu nhién,
tap sO nguyén, tap so hitu ti, tap s thuc), ta ¢d
quan hé bao ham:

NcZcQcR

Hinh 3

0
&=

Hai tip hop 4 va B goi 1a bang nhau, ki hidud =B, nfud c BvaBcC A.

N6i cach khac, hai tap hop 4 va B bang nhau néu méi phan tit ctia tip hop nay ciing 1a phan
tir cua tap hop kia va nguoc lai.
Vidu 4
Xét quan hé bao ham gifta méi cap tap hop sau. Ching c¢é bang nhau khéng?
a)A={0;1,2,3;4} vaB={0;2; 4},
DC={xeR|x*=4)vaD={xeR|}x=2)
¢) E la tap hop cac hinh binh hanh va F 1a tap hop cac t¥ giac c¢d hai cip canh doi
song song;
d)G={xe N|xlabdicia3}vaH={xe N |xlabdicia6}.
Gidi
a) Ta thay méi phan t ctia B déula phanti cia4, do 30 Bc 4. Co1 € Anhung 1 ¢ B,
do do 4 khac B.
b) Hai phuong trinh x* = 4 va |x| = 2 déu ¢6 hai nghiém 1a x =2 vax=-2.
Do do, C=D = {-2;2}.
¢) Ta biét rang, mot hinh tt giac la hinh binh hanh khi va chi khi né ¢6 hai cip canh déi
song song. Do dd, néu x € E thi x € F va nguoc lai. Béi vy, E=F.

d) Gia st x € H, tirc x 1a boi ctia 6. Khi d6 cé s6 k € N sao chox=6k=3.2k. Suyra
x cling la boi cia 3 hay x € G. Vay H ¢ G. Mat khac, c6 3 € G nhung 3 ¢ H. Do do,
G khac H.

/% Trong moi cap tap hop sau day, tap hop nao 1a tip con cua tap hop con lai? Ching co
bang nhau khong?

a) A:{—\/?:;\E} vaB={xe R|x"-3=0);
b) C 1a tap hop cac tam giac déu va D 1a tap hop cac tam giac can;

cO)E={xeN|xlauwoccual2}vaF={x e N|xlaudccia?24}.

% Viét tat ca cac tip con ciia tp hop 4 = {a; b).




Ban An khing dinh rang: Vi cac tip hop 4, B, C batki,nfud c BvaBc Cthid c C.
Khéng dinh ctia ban An c6 ding khong? Hay giai thich bang cach sit dung biéu do Ven.

3. M4t sé tap con cua tap hop sé thuc

Sau nay ta thuong st dung cac tip con ciia tap so thuc sau diy (a va b 1a cac s6 thuce, a < b):

Tén goi va ki hiéu Biéu dién trén truc s6
Tap s6 thuc (—oo; +o0) R 0 .
Poan [a; b] {(xeR|a<x<b} i
Khoang (a; b) {xeR|a<x<b) e (L
Nita khoang [ b) (xeR|a<x<bh) A ——————Hii-
Ntta khoang (a; b] {xe€R|la<x<h) -
Nita khoang (—; a] {xeR|x<a) W
Nita khoang [a; +0) (xeR|x>a) g >
Khoang (—; a) {xeR{x<a) W
Khoang (a; +=) {xeR|x>a)} W I

Trong céac ki hiéu trén, ki hiéu —eo doc la dam vé cire, ki hieu +o doc la duong vé cuc.

% Dimng cac ki hidu doan, khoang, nita khoang dé viét cac tap hop sau day:

a) {xe R|-2<x<3}; b){xeR|1<x<10};
©) {xe R|-S<x<43); d{xeR|n<x<4);
e){xeR|x<%}; g){xeR|x2%}.

BAI TAP

1. Viét cac tap hop sau day dudi dang liét ké cac phan ti:

a)A={xeZ||x|<5};
bB={xeR|2x-x—-1=0};

¢) C= {x € N | x ¢ hai chit s6}.



2. Viét cac tap hop sau day dudi dang chi ra tinh chat dic trung cho cac phan tir:
a) Taphop4 = {1, 2, 3,6, 9 18},
b) Tap hop B cac nghiém cta bat phwong trinh 2x + 1 > 0;
¢) Tap hop C cac nghiém cua phuong trinh 2x — y = 6.

3. Trong mdi cip tap hop sau day, tap hop naola tip con ciia tap con lai? Ching ¢6 bang nhau khong?
A)A={xeN|x<2}vaB={xeR|x'—x=0};
b) C'la tap hop cac hinh thoi va D la tap hop cac hinh vuong;
c)E=(-1;1]vaF =(—o; 2].

4. Hay viét tat ca cac tap con cuia tap hop B= {0; 1;2}.

5. Dung cac ki hiéu doan, khoang, nita khoang, viét cac tap hop sau day:
a) {x e R|2n<x<2n}; b) {xeR||x|<3);
¢c) {xe R|x<0}; d){xeR|1-3x<0}.

Bai 3. Cac phép toan tren tap hop

Tirkhoa: Hop; Giao; Hiéu; Phan bir.

@ C6 hai dudng tron chia mét hinh chif nhat
thanh cac mién nhu hinh bén.
Hay dat moi thé s6 sau day vao mién thich
hﬁptrén hinh d1i.'l‘nh5tv.’1 giéithich cachlam.

1. Hop va giao clia cac tap hop

) Bang sau diy cho biét két qua vong phéng van tuyén dung vao mét cong ty (dau “+” 1a dat,
dau “—"1a khong dat):

Ma s ing vién a, a, v A a, as a, a, ag a, a,

Chuyén moén “ = — — + + + i — +

Ngoai ngir o] — o — S =+ — =+ — +




a) Xac dinh tap hop 4 g6m cac ung vién dat yéu
cau vé chuyén mon, tap hop B gom cac ung vién
dat yéu cau ve ngoai ngit.

b) Xac dinh tip hop C gbm cac img vién dat yéu
cau ca vé chuyén mon va ngoai ngit.

¢) Xac dinh tip hop D gdm cac tmg vién dat
it nhat mot trong hai yéu cau vé chuyén mon va
ngoai ngit.

Cho hai tap hop 4 va B.
Tap hop cac phﬁn tir thude 4 hoac thuoc B goi la hep cia
hai tap hop 4 va B, ki higu 4 U B.
AUuB={x|xe€ Ahoacx e B}.
Tap hop cac phan ti thudc ca hai tip hop 4 va B goi 1a giao
cua hai tap hop 4 va B, ki hieu4 n B.
AnB={x|xe Avax e Bj}.

Vidu1

Xac dinh. 4 U B vaA4 m B trong mdi truong hop sau:

2)A=1{2;3; 5; l, BT, 5,945

DA={xeR|x(x+2) =0}, B={x e R|x¥'+2=0);

¢) 4 la tap hop cac hinh binh hanh, B la tap hop cac hinh thoi.
Gidi

A UB= {135 TA5H 46 BE=[3 5}

b) Phuong trinh x(x + 2) = 0 ¢o6 hai nghiém la 0 va -2, nén4 = {-2; 0}.

Phuong trinh x* + 2 = 0 vé nghiém, nén B = &.

Tedo, A UB=Au0=4={2,0},AnB=AnT=0.

¢) Vi moi hinh thoi cling 1a hinh binh hinhnén B = 4. Tr d6,4 WB=A4,4~ B=B.

Vidu2
Lop 10D co 22 ban choi bong da, 25 ban choi cau long va 15 ban choi ca hai mon
thé thao nay. Héi 16p 10D c6 bao nhiéu hoc sinh choi it nhat mét trong hai mén thé thao
béng da va cau 16ng?
Gidi

Kihiéu 4, B lan luot 1a tap hop cac hoc sinh cua l6p 10D
choi bong d4, choi cau léng.
Theo gia thiét, n(4) = 22, n(B) = 25, n(4 N B) = 15. AU B

Hinh 3



Nhan thay rang, néu tinh tong n(4) + n(B) thi ta dwoc s6 hoc sinh 16p 10D choi béng
da hodc cau 16ng, nhung s6 ban choi ca hai mén dwge tinh hai lan. Do do, s6 ban choi
it nhat mot trong hai mon la:

nA v B)=n(4d)+nB)—ndB)=22+25-15=32.
Vay 16p 10D ¢6 32 hoc sinh choi it nhat mot trong hai mon thé thao béng da va cau 16ng.
Nhan xét:
« Néu 4 va B la hai tip hop hitu han thi n(4 U B) = n(4) + n(B) — n(4 n B).
« Dic biét, néu 4 va B khong ¢ phan it chung, tiic 4 B =@, thi n(4 U B) =n(4) + n(B).

% Xac dinh cac tap hgp4 W BvaAdn B, biét:

4
A)A={a,b,c,d e}, B={a, e, i,u},
DA={xeR|x*+2x-3=0},B={xeR|x|=1).

% ChOA: {(xay) | X, V& K 3x—y:9}3B = {(xay) |x3.y € Rax_y: 1}
Hay xac dinh 4 n B.
ffr Tai vong chung két clia mét tro choi trén truyén hinh, ¢6 100 khan gia tai trueong quay
N
c0 quyén binh chon cho hai thi sinh 4 va B. Biet rang c6 85 khan gia binh chon cho
thi sinh 4, 72 khan gia binh chon cho thi sinh B va 60 khan gia binh chon cho ca hai
thi sinh nay. Cé bao nhiéu khan gia da tham gia binh chon? Co bao nhiéu khan gia
khong tham gia binh chon?

2. Hiéu cta hai tap hop, phan bu cta tép con

Qz Tr6 lai bang thong tin vé két qua phéng van tuyén dung & f_‘} .
a) Xac dinh tap hop E gom nhiing tng vién dat yéu cau vé chuyén mén nhung khong
dat yu cau vé ngoai ngit.
b) Xac dinh tip hop F gom nhitng ting vién khong dat ydu cau vé chuyén mén.
0
* Cho hai tap hop 4 va B.
Téap hop cac phan tit thuéc 4 nhung khong
thuoc B goi la hiéu cua A va B, ki hieu 4\B.
A\B={x|xeAvaxgB}.

Néu A 14 tap con ctia U thi hiéu U\ 4 goi la
phdn bu ctia A trong U, ki hiéu LA




@

Vidu3
ChoU={xe N|x<10},4={0,2,4,6.8},B={0,3,6,9}.
Xac dinh cac tap hop 4\B,B\4, C A4, C,B.
Gidi
Taco: A\B={2,4,8},B\A={3,9},C,4={1,3,5,7,9},C,B={1,2;,4,5,7, 8}.
ChocactaphopU={x e N|x<8},4={0;1.;2;3;4},B={3; 4, 5}.

Xac dinh cac tap hop sau day:
a) A\B, B\A va (4\B)n (B\4); b) C,(4nB)va(C,4) v (C,B),

¢) C,duB)va(C,A4)n(C,B).

Chii y: Trong cac chuong sau, dé tim cac tap hop la hop, giao, hiéu, phan bi ctia nhiing
tap con cua tap s thue, ta thuong ve so do trén truc so.

Vidu 4

Xac dinh cac tap hop sau day:

a)A=[-2;, 1)u(0;3]; b) B =(-o0; 1] L (-2; 2); ) C=(14n(3;2);
d)D=(-3;2)\(1; ¥, S E=C (-2 2)

Giai

a) Bé xac dinh tap hop 4, ta vé& so do sau day:

-2 1
mmmmmm(o s
3
:e:smsam[2 < %smm

Tt so do, ta thay 4 = [-2; 3].
b) Bé x4c dinh tap hop B, ta v& so do sau day:

1
mu_q{) 2m
2 3 ;

Tir so d, ta thay B = (—»0; 2).
¢) Bé xac dinh tap hop C, ta v& so do sau day:

1 4
M%(_g Wmm
S c Wwﬁmmw
1

Tt so do, ta thay C = (-1; 2).



d) Pé xac dinh tip hop D, ta v& so do sau day:

mg Wm
o
- D \
-3

Tirso do, ta thay D = (-3; 1].

e) Bé xac dinh tap hop E, ta v& so db sau day:
R

2
-fmmmmm[‘g—b
\ : 2
Tuso do, ta thay E = [2; +=0).

@ Xac dinh cac tap hop sau day:
4

BAI TAP

1.

n

a)(1;3) U [-2;2]; b)) (~o; 1) n[0; 7], C)[%;B)\(l;m); d) C;[-1; +0).

Xac dinh cac tap hop 4 W B vaAd n B voi
a) A = {do; cam; vang; luc; lam}, B = {luc:; lam; cham; tim};
b) 4 14 tap hop cac tam giac déu, B la tip hop céc tam giac can.

. Xac dinh tap hop 4 n B trong mai trrdng hop sau:

AA={xeR|x¥"-2=0),B={xeR|2x~-1<0};
b)A={x;»|xyeRy=x=1},B={(x.y) [,y € R, y=-x+5},
c¢) A la tap hop cac hinh thoi, B la tap hop cac hinh chit nhat.

. ChoU={xe N|x<10},4A={xe U|xlabdicua3},B={xe U|xlaudccuab}. Xac

dinh céc tap hop 4\B, B\4, C, A4, C,B, C,(A U B), C,(4 " B).

. Cho 4 va B 14 hai tap hop bat ki. Trong méi cap tap hop sau day, tap hop nao 1a tip con cua

tap hop con lai? Hiy giai thich bang cach st dung biéu d6 Ven.
a)AvaA B, b)AvaAd nB.

. Trong s0 35 hoc sinh ctia 16p 10H, ¢6 20 hoc sinh thich mon Toan, 16 hoc sinh thich mon

Tiéng Anh va 12 hoc sinh thich ca hai mén nay. Héi 16p 10H:
a) ¢6 bao nhiéu hoc sinh thich it nhat mot trong hai mén Toan va Tiéng Anh?
b) co bao nhiéu hoc sinh khong thich ca hai mon nay?

. Xac dinh cac tap hop sau day:

a) (-0, 0] U [-m; 7], B) [3:5; 2] N (-2:3.5);
¢) (—o0; V2] A [1; +o0); d) (-o0; V2 ]\ [1; +o0).




Ban co biét?
Cantor va lithuyét tap hop

Cac ban hoc sinh da duoc lam quen voi khai mém tap
hop tir 16p 6, va dd duoe tim hiéu ki hon vé nd trong
chwong nay. Toi day, chung ta s&€ thuong xuyen stt dung
khai nidm nay trong cac chi d& tiép theo cia chuong
trinh toan hoc pho thong.

C6 han mot 1i thuyét nghién ctru vé cac tap hop, goi
1a li thuyét tap hop. Cha dé cia 1i thuyét nay la Georg
Ferdinand Ludwig Philipp Cantor, mot nha toan hoc
nguoi Birc, sinh ra ¢ Nga. Cac cong trinh nghién cuu
clia 6ng vé cac tip hop vo han trong khoang nhiing
nam 1874 dén 1897 di khai sinh ra li thuyét tap hop.

Li thuyét tap hop ra do1 da co anh hudng sau sac dén sur phat trién ctia toan hoc. Mot mat,
no dat nén tang cho cac nganh toan hoc phat trien. Mat khac, no dat ra yeu cau ra soat lai
toan bo co s6 logic cho toan hoe. Pay chinh 14 tién dé cho nganh logic toan va co s6 toan
hoc dat budc tién dai trong nira dau cuia thé ki XX, ¢6 tac dong 16n dén nhan thire cia con

nguoi vé cac 1i thuyét khoa hoc néi chung.

Néu coi toan hoc hién dai 1a mot toa lau dai nguy nga, thi 1i thuyét tap hop la nén mong

cua toa lau dai do.

Georg Ferdinand Ludwig Philipp Cantor

(1845 -1918)

(Theo Britannica)
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. Xéc dinh tinh dung sai cia m6i ménh dé sau:

a) {a} € {a, b;c,d},
b) @ = {0},
¢) {a;b;c;,d}={b; a.,d, c},

d) {a; b; c} @ {a; b; c}.

. Xét tinh diing sai ctia moi ménh dé sau:

a) Néu2a—1 >0 thi a > 0 (a la s6 thuc
cho trudce);
b)a—2>bnéuvachinéua>b+2(ab
1a hai s6 thure cho tredc).

. St dung thuat ngtt “diéu kien can”, “diéu

kién du”, phat biéu lai cac dinh i sau:

Q) NeuBc Athi 4 UB =4 (4, Bla hai
tap hop);

b) Mot hinh binh hanh ABCD c6 hai duong
chéo vuodng goc var nhau thi no 1a hinh thoi.

. Cho dinh li:

“Yxe R xeZnéuvachineux+1 e Z”.

Phat biéu lai dinh 1i nay, sit dung thuat ngit
“diéu kién can va du”.

. Xét tinh dung sai cia cac ménh dé sau:

a) Vx e N, x* > x;
b)dxe Z,x¢ N,
)VxeR,nfuxe Zthixe Q.

6. Xet quan hé bao ham giita cac tap hop dudi

day. V& biéu d6 Ven dé thé hién cac quan
hé bao ham do.

A la tap hop cac hinh tit giac;

B la tap hop cac hinh binh hanh;

C'la tap hop cac hinh chit nhat;

D la tap hop cac hinh vuong;

E la tap hop cac hinh thoi.

. a) Hiy viét tat ca cac tip con cta tap hop

A={a, b, c}.
b) Tim tat ca cac tip hop B thoa mén diéu
kién {a; b} c Bc {a, b, c,d}.

. Cho A= {xe R|x —5x—6=0},

B={xeR|x'=1}.

TimA4 B, 4UB,4A\B,B\A4.

9. Chod={xeR|1l-2x<0},

B={xeR|x-2<0}.

TimA nB, A UB.

10. Lop 10C co 45 hoc sinh, trong do co

18 hoc sinh tham gia cudc thi vé do hoa trén
may tinh, 24 hoc sinh tham gia cuoc thi tin
hoc van phong cap truong va 9 hoc sinh
khong tham gia ca hai cuoc thi nay. Hoi co
bao nhiéu hoc sinh cua 1op 10C tham gia
d6ng thoi hai cude thi?




BAT VA
A1 e BAT PHUONG TRINK

BAC NEAT mal AN

Trong chuong 1, chiing ta sé tim hiéu vé bat phurong trinh va hé bt phuong trinh bacnhét hai an, ta sé hoccach nhan
biét nghiém va biéu dién mién nghiém cia hé bat phuong trinh bac nhit hai an trong mat phang toa dé va iing dung
nhiing kién thitc hoc dugc vao gidi quyét cac bai toan thuc tién.

Bai toan tim gid tri Ion nhat hodc gia tri nhé nhat ciia biéu thiic F = ax + by trén mét mién da gidc c6 thé giup téi vu
hoa san xuat.

) Hoc xong chuong nay, ban c6 thé:

- Nhan biét dugc bat phuong trinh va hé bat phuaong trinh bac nhét hai an.

- Biéu dién dugc mién nghiém clia bat phuong trinh va hé bat phuong trinh bac nhat
hai &n trén mat phéng toa do.

- Van dung dugc kién thic vé bat phuong trinh va hé bat phuong trinh bac nhét
hai &n vao gidi quyét cac bai toan thuc tién (vi du: bai toan tim gia tri I6n nhat,
gid tri nhé nhét cta biéu thic F = ax + by trén mét mién da giac, ...).




Bai 1. Bat phuong trinh bac nhét hai an

Tir khoa: Bat phuong trinh bac nhat hai an; Nghiém; Mién nghiém.

@ Dudng théng d: y = x + 1 chia mat phang toa dd thanh +*
hai mién (khéng tinh dudng thdng d) nhu hinh bén. 1
Dung cac nhan dudi day dat vao mién phu hop dé dat tén

cho mién do. /_1 f)l x
[y>x+1 ] [y<x+1 } d

1. Khdi niém bét phuwong trinh béc nhét hai an

Q Ban Nam dé danh duoc 700 ng]:ﬁ1:1 déng. Trong mét ‘dqt ung h('_“)‘céc ban hoc sinh (’?meg
bi‘ bao lut, Nam da ung ho x to tién loai 20 nghin dong, y to tien loai 50 nghin dong tir
tien dé danh cia minh.

a) Biéu dién tong s6 tién ban Nam d ting ho theo x va y.
b) Giai thich tai sao ta lai c6 bat ding thitc 20x + 50y < 700.

Bit phwong trinh bic nhét hai dn x, y 1a bat phwong trinh c6 mot trong cac dang
ax + by + ¢ < Qyax +tby+c¢>0, ax + by +te<0;ax+ by + ¢ =0,

trong do a, b, ¢ 1a nhitng s6 cho trude; a, b khong dong thoi bing 0 va x, v 14 cac an.

Vidu 1

Tim bét phwong trinh bac nhat hai an trong cac bat phwong trinh sau day:
a)x—S5y+2<0, b) 9x2 +8y—72=0;

¢)3x—-2>0; d)4y +11<0.

Gidi
Cac bat phwong trinh a), ¢), d) 1a cac bat phwong trinh bac nhat hai an.
Bét phuong trinh b) khong 14 bat phuong trinh bac nhat hai 4n vi c6 chita x2.

@1 Bét phuong trinh nao sau day 1a bat phwong trinh bac nhat hai 4n?
a)2x—3y+1<0; b)x—3y+1=>0;
c)y—5>0; dx-y2+1>0.




2. Nghiém clia bat phuwong trinh béac nhét hai an

L

0
==

Truong hop nao sau diy thoa mén tinh hudng duoc néu trong &Q ?
Trudng hop 1: Nam tng ho 2 to tién loai 20 nghin dong va 3 to tién loai 50 nghin dong.
Truong hop 2: Nam ting ho 15 to tién loai 20 nghin dong va 10 to tién loai 50 nghin dong.

Xét bat phuong trinh ax + by + ¢ < 0.

Méi cip s6 (x,;¥,) thoa méan ax, + by, + ¢ < 0 dwoc goi la mot nghiém cua bat phwong
trinh da cho.

Vidu2
Cip s6 nao sau diy la nghiém ctia bat phuong trinh 20x + 50y — 700 < 0?
a) (5;6); b) (9; 11).

Gidi
a) Vi 20.5+ 50.6 — 700 = =300 < 0 nén (5; 6) 1a nghiém cta bat phwong trinh
20x + 50y — 700 < 0.
b) Vi 20.9 +50.11 — 700 =30 > 0 nén (9; 11) khéng phai 1a nghiém cta bat phwong
trinh 20x + 50y — 700 < 0.

Cip s6 nao sau ddy 1a nghiém cta bat phuong trinh 4x — 7y — 28 > 0?
2) 05 1) b) (2; 6); c) (0;-4).

Cho biét mbi 100 g thit bo chita khoang 26,1 g protein, mét qua trimg ning 44 E chira
khoang 5,7 g protein (nguén: https: HWWW vinmec. com) Gia stt co mot ngud1 moi ngay
can khong qua 60 g protein. Goi s6 gam thit bo va s6 qua tring ma ngudi d6 an trong
mét ngay lan luotla x va y.

a) Lap bat phuong trinh theo x, y di#n ta gidi han vé luong protein trong khiu phan an
héng ngay cia nguoi do.

b) Duing bt phuong trinh & cdu a) d& tra 11 hai cau hoi sau:

— Néu ngudi d6 an 150 g thit bo va 2 qua tring (ndi qua 44 g) trong mot ngay thi ¢
phu hop khong?

— Néu ngudi d6 an 200 g thit bo va 2 qua tring (ndi qua 44 g) trong mot ngay thi ¢
phu hop khong?

3. Bi€u dién mién nghiém cita bét phwong trinh bac nhét hai én

)

s

3 Cho bat phwong trinh 2x—y+ 1 < 0.

a) V& duong thang y=2x + 1.
b) Cac cap s6 (-2; 0), (0; 0), (1; 1) c6 1a nghiém ctia bat phurong trinh @i cho khéng?



Trong mit phang toa do Oxy, tap hop cac diém (x,; y,) sao cho ax, + by, +c < 0 dugc
goi 1a mién nghiém cia bat phwong trinh ax + by + ¢ < 0.

Nguoi ta chimg minh diroe: M6i phuong trinh ax + by + ¢ = 0 (a, b khéng dong thoi bang 0) xac
dinh mot duong thang A. Puong thang A chia mat phang Oxy thanh hai nira mét phang, trong do
mot mia (khong ké bo A) 1a tap hop cac diém (x; v) thoa mén ax + by + ¢ > 0, nita con lai (khong
ké bo A) 1a tap hop cac diém (x; y) thoa mén ax + by + ¢ < 0.

Ta c6 thé biéu dién mién nghiém ctia bat phwong trinh bac nhat hai an ax+ by + ¢ < 0 nhu sau:

Burde 1: Trén méat phiang Oxy, vé duong thang A: ax + by + ¢ =0.

Buréc 2: Lay mot diém (x,; v,) khong thude A. Tinh ax, + by, + c.

Birée 3: Két luan

—Néu ax,+ by, + ¢ <0 thi mién nghiém ctia bat phuong trinh dd cho 1a nita mat phing
(khong ké bo A) chra diém (x, vp)-

—Néu ax,+ by, +c >0 thi mién nghiém ciia bat phwong trinh di cho 1a nita mat phéing
(khong ké bo A) khong chira diem LE).

Chu y: Bbi voi cac bat phuong trinth bac nhat hai an dang ax +by + ¢ < 0 (hodc ax+ by + ¢ = 0)
thi mién nghiém 1a mién nghiém cta bat phirong trinh ax+ by + ¢ < 0 (hodc ax + by + ¢ > 0) ké

ca bo.

Vidu3

Biéu dién mién nghiém cta cac bat phwong trinh sau:

a)x—2y—-1>0; bx+y-1<0.
Gidi

a) V& duong thang A: x —2y — 1 =0 di qua

hai diem A4(1; 0) va B[O;—EJ- \ ; : , N

, , Fd *
Xét goc toa do O(0; 0). Ta thay O ¢ A va 173
0-2.0-1<0.Dodo, mién nghiém cua 5
bat phuong trinh 14 nita mit phing khong i
n

ké bo A, khong chita goc toa do O (mién
khong gach chéo trén Hinh 1).
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%3 Biéu dién mién nghiém cta cac bat phwong trinh sau:
*

W

b) V& duong thang A: x+ y— 1 = 0 di qua A

hai diémA(1; 0) va B(0; 1).

Xét goc toa 40 O(0; 0). Tathay O ¢ Ava0+0—1<0.

Do d6, mién nghiém cua bat phuong trinh 1a

mtra mat ph?mg ké ca bo A, chira géc toa do O

(mién khéng gach chéo trén Hinh 2). A T

a)2x+y—2£0; b)x—y—220. Hinh 2

ﬁ?“z Biéu dién mién nghiém ctia hai bat phuong trinh sau trén cting mét mét phing toa dé Oxy:

[

BAI TAP

1.

a) jis e b) x<4.

Cho bat phuong trinh bac nhat hai anx — 2y + 6 > 0.

a) (0; 0) c6 phai 1a mot nghiém cia bat phwong trinh di cho khong?

b) Chi ra ba cip s6 (x; v) la nghiém ctia bat phuong trinh di cho.

¢) Biéu dién mién nghiém cua bat phwong trinh dd cho trén mat phing Oxy.

. Biéu dién mién nghiém ctia cac bat phuong trinh sau trén mét phang toa do Oxy:

a)—x+y+2>0, B 2= c)—=x+t2<0.

. Biéu di®n mién nghiém ctia cac bat phwong trinh sau trén mat phing toa do Oxy:

a) —x+2+2(y—2) <2(1 —x); b) 3(x — 1)+ 4(y—2) < 5x - 3.

. Ban Ctic mudn pha hai loai mroc cam. Pé pha mot lit nuwde cam loai 1 can 30 g bot cam,

con mot lit mrdc cam loai II can 20 g bot cam. Goi xva y lan lwrot 14 s6 lit nuGce cam loai I
va II pha ché dugc. Biét rang Cuc chi ¢6 thé ding khong qua 100 g bot cam. Hay 1ap cac
bat phuong trinh mo ta s6 it née cam loai I va II ma ban Ctic ¢6 thé pha ché duoc va bidu
dién mién nghiém cta cac bat phuong trinh d6 trén cliing mot mat phing toa do Oxy.

. Mién khéng gach chéo (khéng ké bo d) trong méi hinh dudi day 1a mién nghiém cla bat

phuong trinh nao?




ai 2. Hé bat phuong trinh bac nhat hai an

Tir khod: Hé bét phuong trinh bac nhat hai an; Nghiém; Mién nghiém;
Diéu kién rang budc; Gia tri 1dn nhat; Gia trinhé nhat.

@ Hai dudng thing d: y =-x-2vad:y=x+1
chia mat phdng toa dé thanh bén mién khac
nhau (khdng tinh hai duéng thang d va d
nhu hinh bén. D& ki hiéu mot trong bén mién
do, nguai ta da tao nhan:

y<=x-2
y<x+1

Hay dat nhan nay vao mién phu hop.

1. Khdi niém hé bét phuwong trinh béc nhét hai éan

.\1 Mot ngtrofl néng dan dy dinh quy hoach x sao dét trong ca t1m va y sao dat trong ca chua.
Biét ring ngu:cl d6 chi 6 t6i da 9 tridu déng dé mua hat glong va gia tién hat gwng cho
mdi sao dat trong ca tim 14 200 000 dong, madi sao dat trong ca chua 1a 100 000 déng.

a) Viét cac bat phuong trinh m6 ta cac diéu kién rang bude déi voi x, y.
b) Cip s6 nao sau day thoa min dong thoi tat ca cac bat phuong trinh néu trén?
(20; 40), (40; 20),  =(=30;.10)
Bai toan tim nghiém chung ctia ba bat phuong trinh 0.2x+ 0,1y —9 < 0;x > 0 vay > 0 la bai
toan tim nghiém cua hé sau:
0,2x+01p-9<0
x>0
y=0.
£ S — ‘ —
¥ Hé bat phwong trinh bdc nhat hai dn la hé gom hai hay nhiéu bat phuong trinh bac
nhat hai an x, y. Mi nghiém chung ctia tat ca cac bat phuwong trinh d6 dwoc goi la mot
nghiém ctia hé bat phuong trinh di cho.
Trén mat phang toa do Ory, tap hop cac dlem (x,; v, co toa do la nghiém cua he bat
phuong trinh bac nhat hai an dwoc goi 1a mién nghiém cua hé bat phurrong trinh do.
Vidu 1
Tim hé bat phuong trinh bac nhat hai an trong cac hé sau:

x+y—3<0
2 {3x+y—l£0 b{5x+y—9:0 {y—1<0 9 2x+y+3>0
2x—y+2=0; Ax—~Ty+3=0, x+2=0; x=>0
y=0.
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Gidai

Cac hé a), ¢), d) 1a cac hé bat phwong trinh bac nhat hai an.
Hé b) khong phai hé bat phurong trinh bac nhat hai an vi hé nay chi gom cac phwong trinh.

% Hiy chi ra hai nghiém ctia méi hé bat phwong trinh trong Vi du 1.

2. Bi€u dién mién nghiém cta hé bét phwong trinh béc nhét hai dn

ok
N e B . x+y—3<0 \
2 Cho h¢ bat phuong trinh: 3

Mién khéng gach chéo trong Hinh 1 14 mién nghiém
ctia hé bat phwong trinh trén. _3/

4%
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—2x+p+320.
Mién nao trong Hinh 1 biéu dién phan giao
cac mién nghiém cta hai bat phuong triinh
trong hé da cho? e

Hinh 1

Dé biéu dién mién nghiém cia hé bat plurong trinh bac nhat hai an trén mat phing
toa do Oxy, ta thire hién nhir sau:
— Trén cting mét phing toa do, biéu dién mién nghidém cta méi bat phwong trinh cia hé.

— Phan giao cua cac mién nghiém la mién nghiém cua hé bat phwong trinh.

Vidu2
ey . i —_— 4 - 2x_y_3S0
Bieu dien mién nghiém cua he:
2x~—yx 2=,

Giai

Biéu dién ting mién nghidm ctia moi bat
phuong trinh trén mét phang Oxy.

Mién khong gach chéo (k& ca bo) trong Hinh 2
1a phan giao clia hai mién nghiém cta hai bat
phuong trinh va ciing 1a phan biéu dién mién
nghiém ctia hé bat phwong trinh dé cho.




Vidu3
Biéu dién mién nghiém cta hé bat phurong trinh:

3x+y<6

x+y<4

x=0

y=0.

Gidi

Biéu dién timg mién nghiém ctia mdi bat
phuong trinh trén mét phang Oxy.
Mién khéng gach chéo (mién ti giac
OABC, bao gom ca cac S:anh) trong Hinh 3
la phé‘in giao cﬁit cac Jinién nghiém va cﬁqg
la phan biéu dién mien nghiém cua hé bat o
phuong trinh da cho. Hinh 3

Chay: Mién mat phing toa dé bao gom mot da giac 16i va phan nam bén trong da giac
d6 dugc goi 1a mot mién da gide. Ching han, ta cé mién nghiém ctia hé bat phwong trinh
trong Vi du 3 la mién tit giac OABC.
@2 Biéu dién mién nghiém ctia hé bat phuwrong trinh:

x+y<8

2x+3y €18

x=20

y=0.

3. Tim gia tri I&n nhét hodc gid tri nhé nhét cta biéu thire F = ax + by
trén mét mién da gidc
Hé bat phuong trinh gitp ta mo ta dwoc nhiéu bai toan thwe té dé tim ra cach giai quyét
toi wu. Chung thuong duoc dwa vé bai toan tim gia tri 16n nhat (GTLN) hodc gia tri
1nho nhit (GTNN) ctia biéu thitc F = ax + by trén mot mién da giac.
Nguoi ta ching minh dwoc F dat gia tri 16n nhat hodc nhé nhat tai mot trong cac dinh cua
da giac.
Vidu 4
Bac Nam du dinh tréng ngo va dau xanh trén mot manh dat co dién tich 8 ha. Néu tréng
1 ha ng6 thi can 20 ngay céng va thu duoc 40 triéu dong. Néu trong 1 ha dau xanh thi can
30 ngay cong va thu duoc 50 triéu dong. Bac Nam can trong bao nhiéu hecta cho méi loai
cay dé thu dugc nhiéu tién nhat? Biét rang, bac Nam chi co thé st dung khong qua 180 ngay
cong cho vide trong ngd va dau xanh.

Gidi

Goi x 1a s6 hecta dat trong ngo va y la s6 hecta dat trong dau xanh.

s T



Ta co cac didu kién rang budc ddi voi x, y nhu sau:

— Hiénnhiénx =0, y = 0.

—Dién tich canh tac khong vueot qua 8 hanénx+y <8.

— S6 ngay cong st dung khoéng vuot qua 180 nén 20x + 30y < 180.

x+y<8
20x+30y <180
x=0

y=0.

Tir d6, ta c¢6 hé bat phwong trinh mo ta cac diéu kién rang bude:

Biéu dién mién nghiém cia hé bat phuong tinh nay
trén hé truc toa do Oxy, ta duoc mién ti giac OABC
(Hinh 4).

Toa do cac dinh cua tir giac do la: O(0; 0); 4(0; 6);
Ble. 2): R 0)

Goi F 1a s6 tién (don vi: triéu dong) bac Nam thu duoc,
ta co: F = 40x + 50y.

Ta phai tim x, y thoa m#n hé bat phwong trinh sao cho
F dat gia tri 16n nhat, nghia 1a im gia tri 1on nhat cia
biéu thitc F = 40x + 50y trén mién ti giac O4BC.

" Hinh4

Tinh cac gia tr1 cua biéu thitc F tai cac dinh cia da giac, ta co:
Tai O(0;0): F=40.0+ 50.0=0, Ta1 4(0; 6): F =400 + 50.6 =300,
Tai B(6; 2): F=40.6 +50.2 =340, Tai C(8; 0): F=40.8+ 50.0 =320.

F dat gia tri 1on nhat bang 340 tai B(6; 2).
Vay d? thu dwoc nhidu tién nhﬁt, bac Nam can t1'5ng 6 ha ngo va 2 ha dau xanh.
Vidu5s

Mot ngudi ding ba loai nguyén lifud, B, C d san xuat ra hai loai san pham P va Q. Bé san
xuat 1 kg méi loai san pham P hodc O phai ding mot sb kilégam nguyén lidu khac nhau.
Téng s6 kilégam nguyén lidu moi loai ma nguoi do cé va s6 kildgam timg loai nguyén lidu
can thiét dé san xuat ra 1 kg san phim mai loai duge cho trong bang sau:

S4 kildgam ting loai nguyén liéu
Sé kilogam can dé san xuét 1 kg san pham

LagkRguyon:lig nguyén liéu dang co

P 0
A 10 2 2
B 4 0 2




Biét 1 kg san pham P ¢6 loi nhudn 3 triéu dong va 1 kg san pham O ¢6 loi nhuan 5 triéu dong.
Hiy 1ap phuong an san xuat hai loai san pham trén sao cho ¢6 l4i cao nht.

Giai

Goi x 1a s6 kilogam san pham P, y 1a s
kil(“)gan} san pham O can san xuat. Ta
co hé bat phuong trinh:

2x+2y <10

2y <4

2x+4y <12

x>0

1y =0.

Bifu difn mién nghiém cia hé bat
phuwong trinh trén hé truc toa do Oxy,
ta dwoc nhu Hinh 5.

Mién nghiém 14 mién ngii giac OCBAD (Hinh 5) véi cac dinh: O(0; 0); C(0; 2); B(2; 2);
A(4; 1); D(5; 0).

Goi F 1a 56 tién 14i (don vi: triéu dong) thu dwoc, ta co: F =3x + 5y.

Tinh gia tr1 cua F tai cac dinh cua ngii giac:

Ta1 O(0; 0): F=3.0+ 5.0 =0, Ta1 C(0;2): F=3.0+52=10;

Tai B(2;2): F=3.2+52=16; TaiA(4; 1) F=34+51=17,

Tai D(5,0): F=35+50=15.

F dat gia tri 16n nhat bang 17 tai A(4; 1).

Vay ngudi do can san xuat 4 kg san pham P va 1 kg san pham O dé co 14i cao nhat 1a
17 trigu dong.

Mot nguoi ban nude giai khat dang c¢o 24 g bot cam, 9 / nude va 210 g duong de pha
ché hai loai mrdc cam 4 va B. Bé pha ché 1 / nudc cam loai 4 can 30 g duong, 1 / nudce
va 1 g bot cam; dé pha ché 1 / nudc cam loai B can 10 g duong, 1 / nuwdc va 4 g bot cam.
MGai lit nwdc cam loai 4 ban duoc 60 nghin dong, méi lit nude cam loai B ban duoc
80 nghin déng. Ngudi dé nén pha ché bao nhiéu lit nudc cam mbi loai d& cé doanh thu
cao nhat?

BAI TAP

1. Biéu dién mién nghiém ctia mdi hé bat phuong trinh sau:

x21
x+y—-320 x=2p<0
x<4
a) x>0 b) Jx+3y>-2 c)
x+y-5<0
vy =0, y—x<3;
y=0.




2.

th

Mot nha may san xuat hai loai thude trir sau nong
nghiép 1a 4 va B. Ctt san xuat mdi thung loai 4
thi nha may thai ra 0,25 kg khi carbon dioxide
(CO,) va 0,60 kg khi sulfur dioxide (SO,), san
xuat moi thing loai B thi thai ra 0,50 kg CO,
va 0,20 kg SO.,. Biét rang, quy dinh han ché san
luong CO, ctia nha may toi da la 75 kg va SO, toi
da 1a 90 kg moi ngay.

a) Tim hé bat phuong trinh mo ta s6 thung ctia méi loai thudc trir sdu ma nha may cé thé
san xuat moi ngay dé dap tng cac diéu kién han ché trén. Biéu difn mién nghiém cta hé
bat phurong trinh d6 trén mat phing toa do.

b) Viéc nha may san xuat 100 thung loai 4 va 80 thing loai B mdi ngay ¢6 phit hop véi quy
dinh khong?

¢) Viédc nha may san xuat 60 thimg loai 4 va 160 thing loai B mdi ngay cé phu hop véi quy
dinh khong?

. Ban Lan thu xép duoc khéng qua 10 gio dé lam hai loai dén trung thu ting cho cac tré em

khuyét tat. Loai dén hinh con ca can 2 gid dé lam xong 1 cai, con loai dén 6ng sao chi can
1 gi dé lam xong 1 cai. Goi x, y lan luot 1a s6 dén hinh con ca va dén éng sao ban Lan s&
lam. Hay 1ap hé bat phwong trinh mé ta didu kién clia x, y va biéu dién mién nghidm cia hé
bat phwong trinh do.

. M6t hoc sinh du dinh v& cac tam thiép xuan lam bang tay dé ban trong mot hoi cho Tét. Can

2 gid d v& mot tam thiép loai nhé cd gia 10 nghin dong va 3 gio dé v& mot tam thiép loai
16n ¢6 gia 20 nghin déng. Hoe sinh nay chi c¢6 30 gio dé v& va ban td chitc hoi cho yéu cau
phai vé it nhat 12 tam. Hay cho biét ban éy can v& bao nhidu tam thiép mai loai dé co duoc
nhiéu tién nhat.

. Trong mot tué“m, ban Manh c6 thé thu Xép diroc t6i da 12 g0 de tap thé duc glam can bé'ing

hai mén: dap xe va tap cit ta tai phong tap. Cho biét mdi gio dap xe s& tidu hao 350 calo va
khéng ton chi phi, méi gid tip cit ta s& tidu hao 700 calo voi chi phi 50 000 dong / gid. Manh
muodn tidu hao nhiéu calo nhung khéng dwoc virot qua 7 000 calo mot tuan. Hay gitp ban
Manh tinh s6 gi dap xe va s6 gid tip ta mot tuan trong hai truong hop sau:

a) Manh muén chi phi luyén tap 1a it nhat.

b) Manh muon so calo tiéu hao 1a nhiéu nhat.



1. Biéudifn mién nghidm ctia méi bat phuong
trinh sau trén mat phazmg toa do Oxy:
b) —x+2y>0,;

a) —2x+y=1<0;

¢) X—JP 27 d) 3x+y+2<0;

e) 3(x—1)+4(y—2)<5x-3.

. Biéu difn mién nghiém cta hé bat phuong
trinh sau trén mat phazmg toa do Oxy:

x=2y>0
x+3y <3

. Mot cong ty du dinh san xuat hai loai san
pham 4 va B. Cac san pham nay duoc
ché tao tit ba loai nguyeén ligu I, II va IIL
S6 kilogam du trit timg loai nguyén lidu
va s6 kilogam timg loai nguyén lidu can
dung d2 san xuat ra 1 kg san pham duoc
cho trong bang sau:

Sa kildgam nguyén liéu
Loal Sékilbgam | cdn diing san xudt 1 kg
ngUYéll‘l liéu ng:ﬁétr:;éu sdn phém
A B
| 8 2 |
II 24 4 4
111 8 1 2

Céng ty d6 nén san xuat bao nhiu san
pham méi loai d2 tién 141 thu vé 16n nhat?
Biét rang, mdi kildgam san pham loai 4 13
30 triéu dong, mdi kildgam san pham loai B
141 50 triéu dong.

th

. Mot cong ty can mua cac ti dung ho so. Co

hai loai ti: Tt loai 4 chiém 3 m? san, loai
nay co suc chira 12 m?® va co gia 7,5 friéu
déng; ti loai B chiém 6 m? san, loal nay co
stc chira 18 m?® va co gia 5 trieu. Cho biét
cong ty chi thu xép dige nhiéu nhat1a 60 m?
mit bang cho chd dung hd so va ngan sach
mua ti khéng qua 60 triéu dong. Hiy lap
ké hoach mua sim dé cong ty co duoc thé
tich dung ho so 16n nhat.

. Mot nong trai thu hoach dwoc 180 kg ca

chua va 15 kg hanh tay. Chu nong trai
mudn lam cac hii tuong ca d ban. Biét
rﬁng, dé 1am ra mot hii twwong ca loai 4 can
10 kg ca chua cung vai 1 kg hanh tay va
khi ban 1&i duoc 200 nghin dong, con dé
lam duwoe mot hil tuong ca loai B can 5 kg
ca chua cung vo1 0,25 kg hanh tay va khi
ban 14 dwoe 150 nghin dong. Thim do
thi hiéu cta khach hang cho thay can phai
lam s6 hii twong loai 4 it nhat gap 3,5 1an s6
hii twong loai B. Hay gitp chi nong trai lap
ké hoach lam twong ca d cé duoc nhiéu
tién 1i nhat.

. Mot xudng san xuat c6 hai may dic ching

A, B san xuat hai loai san pham X, V. Dé
san xuat mot tan san pham X can ding may
A trong 6 gio va dung may B trong 2 gi0.
Pé san xuat mot tan san pham ¥ can ding
may 4 trong 2 gio va dung may B trong
2 gid. Cho biét méi may khéng thé san
xuat dong thoi hai loai san pham. May 4
lam viéc khong qua 12 gio mot ngay, may
B lam viéc khong qua 8 gio mot ngay. Mot
tan san pham Y 14i 10 tridu dong va mot tan
san pham 7 14 8 triéu dong. Hay lap ké
hoach san xuat mdi ngay sao cho tng s6
tién 14i cao nhat.

-



Trong chuong nay, chiing ta sé hoc cach nhén biét ham so, su bién thién va dé thi ciia ham sé bac hai ciing nhu
tim hiéu cdc itng dung ctia ham s6 dé giai quyét mét so van dé trong thuc tién.

Nudc dugc phun ra tif dai hoa sen & phé di bé Nguyén Hué, Thanh phé Hé Chi Minh
c6 dang moét duong parabol.

ﬂ Hoc xong chuang nay, ban cé thé:

— Nhén biét dugc nhing mé hinh thuc té dan dén khai niém ham sé. M6 ta dugc cac
khai niém co ban vé ham s6 va cac dac trung hinh hoc cia d6 thi ham sé déng bién,
ham s6 nghich bién.

- Thiét lap dugc bang gia tri va vé dugc dé thi ham s6 béc hai (parabol).

— Nhén biét dugc cac tinh chdt coban ctia parabol nhu dinh, truc déi xiing. Nhén biétva
gidi thich dugc cac tinh chét ctia ham s6 bac hai théng qua d6 thi.

- Van dung dugc nhiing kién thiic vé ham s6, ham s6 bac haiva d6 thi vao giai quyét bai
toan thuc tién.




Bai 1. Ham so va do thi

Tirkhod: Ham s6; Tap xac dinh; Tap gia tri; Do thi ham s6; Ham s6 dong bién; Ham sé nghich bién.

>

Mura nhé:
O &m; 75%
Gid: 34kmih
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Nhiét d c6 méi lién hé gi véi thoi gian?
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Ngudn: meta.yn

1. Ham sé. Tadp xac dinh va tap gia tri ciia ham sé

pi Ban tin du bao thot ﬁét cho biét nhiét do Bang 1. Dubdo thai tiét ngay 01/5/2021 tai Thanh phd Ha Chi Minh
& mét s6 thoi diém trong ngay 01/5/2021 Gig 147 ]|0|13]16]|19]|2
tai Thanh ph6 H6 Chi Minh d4 duoc ghi Nhidt do
lai thanh bang kém vdi biéu do bén. )

28 | A | W8 | 32| |98 |

Stt dung bang hoic biéu db, hiy:

Du bao nhiét do ngay 01/5/2021

tai Thanh phé H6 Chi Minh

a) Viét tap hop cac moc gio da c6 du c# 1 .
bao nhiét do. - 3
5 | : T 30 29 55
b) Viét tap hop céac so do nhiét do da é 28 27 27
du bao. 26
) Cho biét nhit d du béo tai Thanh 7

Gig

phé H6 Chi Minh vao luc 7 gio sang

ngay 01/5/2021. Hinh 1. Dy bao thei tiét ngay 01/5/2021 tai Thanh phd HG Chi Minh

Trong Q nhiét do du bao la mét dai lwong phu thude vao thoi diem (gio). Méi lién hé gifta
hai da1 luong nay (nhieét do va thoi gian) co cac dac trung ctiia mot ham )

0
= . . . T e o = Cre - o - A
Gia st x va y la hai dai lwong bién thien va x nhan gia tr1 thudc tap so D.
Néu voi moi gia tr1 x thuoc D, ta xac dinh dugc mot va chi mot gia tri twong tng v thudc
tap hop s6 thue B thi ta c6 mot ham sé.
Ta goi x a bién 56 va y 1a ham sé cia x.
Tap hop D duoc goi 1a tdp xdc dinh ctia ham s6.

Tap hop T gom tat ca cac gia tri y (twong ting voi x thude D) goi la tdp gid tri cua
ham sb.

« T
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Ta thwong ding ki hiéu f{x) dé chi gia tri y twong 1ng vdi x, nén ham s6 con duoge viet
la y=£f(x).

Mot ham s6 ¢6 thé duoc cho bing bang (nhw Bang 1), bang biéu d6 (nhw Hinh 1) hodc bang
cong thire nhw dd hoc & cap Trung hoc co s, ching han y=2x — 3, y = —x2.

Vidu 1
a) Vi sao co thé néi bang dit liéu du bao thoi tiét (Bang 1) biéu thi mot ham s6? Tim
tap xac dinh, tap gia tri cia ham sb nay.
b) Biéu d6 “Du bao nhiét d6 ngay 01/5/2021 tai Thanh phé H6 Chi Minh” (Hinh 1) ¢6
biéu thi ham so khong? Tai sao?
Gidi

\ 2 i A , e ° N A r roe A N . -4
a) Tw bang dit liéu du bao thoi tiét (Bang 1) trong Q, ta thay trng voi moi thot diem
(gi0) trong bang déu ¢é mot gia tri du bao nhidt do duy nhat. Vi vay, bang nay biéu

thi mot ham s6. Ham s6 do co tap xac dinh D=1, 4:7:10; 13: 16,19;22) vaco
tap gia tr1 T' = {27, 28; 29; 31; 32}.

b) Twong tw, biéu d6 “Du bao nhiét dé ngay 01/5/2021 tai Thanh phé H6 Chi Minh”
(Hinh 1) ciing 1a mot ham s, ta ciing c6 tap xac dinh va tap gia tri nhw trén cau a.

Chu y:

a) Khi mot ham s6 duoe cho bang cong thire ma khong chi 16 tip xac dinh thi ta quy wdc:

Tép xdc dinh ciia ham sé v = fx) la tdp hop tat ca ede s6 thiee x sao cho biéu thirc f(x)
co nghia.

b) M6t ham s6 ¢6 thé duoc cho béi hai hay nhiéu cong thite. Ching han, xét ham s6:

—SBx+S5voix<l
A= 2x? voix > 1
nghialavdix <1 thi fix) =-3x+ 5, vdix > 1 thi fx) = 2x%
Vidu2
Tim tap xac dinh ctia cac ham sO sau:
1
a) fix)=5-x; b) fx) =

2x-6
Gidi
a) Bieu thirc Ax) co nghia khi va chi khi 5 —x > 0, tirc lakhi x < 5.
Viy tap xac dinh ctia ham s6 nay 1a D = (—0; 5].
b) Biéu thirc flx) co nghia khi va chi khi 2x — 6 # 0, tic 1a khi x # 3.
Viy tap xac dinh ctia ham s6 nay 1a D = R\{3}.



@1 M6t thiét bi d4 ghi lai van toc v (mét/gidy) & thoi diém 7 (gidy) ctia mét vat chuyén dong

nhu trong bang sau:
t (giy) 0,5 1 1.2 1,8 2.5
v (mét/giay) 1.5 3 0 5,4 7.5

Vi sao bang nay biéu thi mét ham s6? Tim tip xac dinh ctia ham s6 nay.
g Tim tap xac dinh cta cac ham sb sau:
2 B e b _ E+ 4
@) O goc clia miéng dat hinh chit nhat, nguoi ta  gjoinr
lam mot bon hoa c6 dang motphan tehinhtron &
v6i ban kinh » (Hinh 2). Ban kinh bén hoa ¢
kich thude tir 0,5 m dén 3 m.
a) Viét cong thic ctia ham s6 biéu thi dién tich
bon hoa theo ban kinh » va tim tdp xac dinh
ctia ham so nay.
b) Ban kinh bon hoa bang bao nhiéu thi né ¢

; Hinh 2
dién tich1a 0,5m m?? "
2. D6 thi ham s6
ﬂ:\z Xét ham s6 v = f{x) cho béi bang sau:
x -2 -1 0 1 2 3 4
fx) 8 3 0 -1 0 3 8

a) Tim tap xac dinh D cta ham s6 trén.
b) Trong mit phing toa d6 Oxy, v tit ca cac diém co toa do (x; y) vdix € D va y=fx).
"Cho ham sb y = Ax) ¢6 tap xac dinh D.
Trén mit phing toa dé Oxy, d@é thi (C) ctia ham s6 1a tap hop tat ca cac diém M(x; v)
volx € Dvay=fx).

C

VA

Vay (C) = {M(x. /x)) |x € D).
Chuy:
Diém M(x,;, y,) thudc do thi ham s6 y =fx)
khi va chi khi x,, € Dvay,, =Afx,).




Vidu 3

a) Cho ham s6 y =f(x) = %xﬁ xac dinh trén
D = [-3; 5] ¢6 d6 thi (C) nhu Hinh 4.

—Ditm A(4;A4)) c6 thude do thi (C) khong?
— Lay diém B tuy v trén db thi (C). Néu
nhan xét vé hoanh do ctia diém B.

b) V& @6 thi ham s6 y = fx) duoc cho béi
bang sau:

X 1 2|3 |4 ]a|& ]| F

f@ [ 11235 8]13

Gidai

a) Vi 4 € [-3; 5] nén diem A4 ¢6 hoanh do bang 4 va co tung do v = 5.42 =2 la diém
thuoc do thi (C).
Khi lay diém B tuy y trén do thi (C) thi hoanh d0 x, ctia diém nay thude tap xac dinh D,
nghiala 3 <x, <5.
b) D6 thi cia ham s6 gém 7 diém nhw Hinh 5.

VA

=

fi-S

2

Hinh 5
Q3 V& d6 thi ham s6 fix) = 3x + 8.

i



3. Ham s6 déng bién, ham sé nghich bién

g ) Quan sat do thi ham s6 y = fix) = x” 161 so sanh f{x,) va f{x,) (vi x, < x,) trong timg
trueong hop sau:

] 1
i v A f i _‘L’ A
—id ' 1 D
Y=k ! ¥ V=X
1
1 ¥ [
______ .j(“']) : “
1 i .
1 I \‘ ﬂ"g) ——————
1 il
|
1 I 3 1
A VAN S :
1 L4 , 1
1 : o ‘\-f(a'l) Femmig 1
Lo 4 * i
[ i kS o
rd L. b M M o
XX O X o X, X, X

a) x,,x, € (~©; 0) b) x,, x, € (0, +)

Hinh 6
D6i voi ham s6 trén, khi x ting va thude khoang (—oo; 0), ta thay gia tri ham s6 giam. Nguoc lai,
khi x tang va thudc khoang (0; +), gia tri ham s0 tang.

Mot cach tong quat, ta co:

V6i ham s6 y = f{x) xac dinh trén khoang (a; b), ta néi:
e Ham s6 dong bién trén khoang (a; b) néu

Vx,, x, € (a; b)Ex il A5
e Ham s6 nghich bién trén khoang (a; b) néu

Vx,,x, € (a; B i0xFate" =ty = flx )

Nhan xét:

Khi ham s déng bién (ting) trén khoang (a; b) thi d6 thi ctia né c6 dang di 1én tir trai sang
phai. Nguoc lai, khi ham s6 nghich bién (giam) trén khoang (a; b) thi do thi ctia né co
dang di xuéng tir trai sang phai.

Vidu 4

. o _ P e
Xeét tinh dong bién, nghich bién cua cac Edolll
ham so6 sau trén tap xac dinh hodc trén ————4{—
khoang duoc chi dinh: i I
a)y=3x-1;

b) y = x? trén khoang (—e0; 0); R | B e T B
¢) Ham s6 ¢6 d6 thi nhw Hinh 7. I / Tl LT BT

iy

Hinh 7
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Gidi

a) Xét ham s6 y = flx) = 3x — 1. Ham s6 nay xac dinh trén R.
Lay x,, x, 1a hai s6 tuy y sao cho x, < x,, ta ¢

<%= 35,5352 3% -1 €31 = fx) < Ax,)
Vay ham s6 dong bién (tang) trén R.
b) Xét ham s6 y = x* trén khoang (—o; 0).
Lay x,, X, tuy ¥ sao cho x, < x,, ta ¢c&: flx,) —fx,) = x* —x; = (x Fx )l =)
Do x, < x,nén x,—x, <0 vadox, x, € (—0; 0) nén x, + x,< 0. T day suy ra
Sfx,) —fAx,) > 0 hay flx,) > fix,).
Vay ham s6 nghich bién (giam) trén khoang (—o; 0).
¢) T d6 thi, ta thdy ham s6 xac dinh trén [-3; 7].
— Trén khoang (—3;—2), d6 thi c6 dang di 18n tir trai sang phai nén ham s6 nay dong bién
trén khoang (-3; -2).
— Trén khoang (<2; 5), do thi c6 dang di xudng i trai sang phai nén ham so nay nghich
bién trén khoang (-2 5).
— Trén khoang (5; 7), d6 thi ¢6 dang di 1én tir trai sang phai nén ham s6 nay dong bién trén
khoang (5; 7).
Vidu5
Gia dinh ban Son song & tang ba, ba ngoai cia Son song & tang sau thudc cung mot
chung cu cao tang. Son di bd tir nha minh xuéng tang mét dé 1ay thw va dwa 18n nha
ba ngoai. Pua thw cho ba xong, Son quay vé nha minh.
Dit y = h(f) 1a ham s6 biéu thi khoang cach tir vi tii ctia Son dén mit dat theo thoi gian ¢
tir khi ban ay bat dau di cho dén khi vé lai nha minh (chon goc thoi gian 1a lac Son bat
dau di lay thu).
(C) hay (C,)1a do thi ctia ham s6 y = h(#)? Tai sa0?

VA T T T T e
T T "™ 1 | 1 1 1T 1 T 1 T 1 1 111 LT
//\\ PalERERN
L LTI T D Tedn LI A N
~ AT [N Pl (@)
T T T T T T T T IR T T LA *
Ol T T T T T T T T I T 1o E’”
a) b)
Hinh 8
Gidi

Khi bat dau di tir tang ba xudng tang mot, Son ngay cang gan mat dat nén khoang
cach tir vi tii ctia Son dén mat dat giam dan, hay ham s6 giam, vay d6 thi phai co
dang di xuéng.



Khi di tir ting mét 1én tang sau dé dua thu cho ba ngoai, Son ngay cang xa mat dat nén
khoang cach tir vi tri ciia Son dén mit dat ting dan, hay ham s6 ting, vay do thi phai co
dang di 1én.

Khi di tir tang sau vé nha minh, Sonngay cang gan mat dat nén khoang cach tir vi tri cia
Son dén mit dat giam dan, hay ham so giam, vay d6 thi phai c6 dang di xubng.

Do thi (C,) c¢ dang twong ung nhw md ta & trén. Do do, (C,) la do thi ctia ham s6

y = h() nay.
g4 a) Tim khoang déng bién va nghich bién ctia ham s6 c6 do thi sau:

b) Xét tinh dong bién, nghich bién ctia ham s6 y= fx) = 5x” trén khoang (2; 5).

BAI TAP

1. Tim tap xac dinh cta cac ham so sau:

a) flx) =+-5x+3; b)j(x):2+%.

2. Tim tip xac dinh, tap gia tii cia ham s6 ¢6 d6 thi nhw Hinh 10.

L {_ ANNEEN _J__‘
b ML vt #uacln o sinn.w fou

=y |

Hinh10

3. Tim cac khoang dong bién, nghich bién clia cac ham s6 sau:

a) flx) =-5x+ 2, b) flx) =—=x2.

4. V& d6 thi ham s6 f{x) = |x|, biét rang ham s6 nay con dugc viét nhu saw:
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5. Tim tap xac dinh, tap gia tri va v& d6 thi ham s6:

)= [—1 viix <0
D= veix>o0.
6. Mot hang taxi co bang gia nhu sau:
Gléméciain s k) kilgzéctu:gpci;eo kigigf;;l‘;l
Taxi 4 chd 11000 dong 14500 dong 11 600 d6ng
Taxi 7 chd 11000 dong 15500 dong 13600 dong

a) Xem s0 tién di taxi 1a mot ham s6 phu thude sb kilomét di chuyén, hiy viét cong thitc cia
cac ham s6 dua trén thong tin tir bang gia dd cho theo timg yéu cau:

i) Ham s6 f{x) d2 tinh s6 tién hanh khach phai tra khi di chuyén x km bang xe taxi 4 chd.
ii) Ham s0 g(x) dé tinh s6 tién hanh khach phai tra khi di chuyén x km bang xe taxi 7 cho.

b) Néu can dit xe taxi cho 30 hanh khach, nén dit toan b6 xe 4 c¢hd hay xe 7 chd thi ¢6 loi hon?

7.( D8 vui |

S6 2 da trai qua mot hanh trinh tha vi va b bién ddi sau khi di qua chiéc hop den.

ol
Té di vao nha
may day !

To da bién

thanh

e

Digu gi da xay ra bén trong HOP DEN?

Bac tho may da giai ma hop den cho mot s0 x bat ki nhu sau:

Ban co bigl L&

Tola X Méy My da tr& thanh
To i vao nha binh phurong i = A A
miy day ! 1ay bért di 5 SO may

khong?

Thi ra 8 X d3 bi&n déi sau khi di qua 3 chidc mdy bén trong HOP BEN

Bén trong HOP DEN 14 m6t doan chuong trinh dwoc cai dit san. Ta xem doan chuwong trinh
nay nhw mot ham s6 Ax). Hiy viét biéu thitc ctia fx) d& mo ta sw bién d6i dd tac dong 1én x.
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Bai 2. Ham sd bac hai

Tirkho#: Ham sé béc hai; Tap gia tri cia ham s béac hai; Bién thién; Parabol; Dinh; Truc ddi xiing;
Quy dao parabol.

@ y=ar y=alx-m)x-n)
y=ax’+bx y=alx-h)Y +k
y=a+bx+c
Cécham sé nay ¢ chung dac diém gi?

1. Ham sé béc hai
pi Khai trién biéu thitc cia cac ham s6 sau va sap xép theo thit tir luy thira clia x giam dan
(néu co the). Ham s6 nao co lu§ thira bac cao nhat cta x 1a bac hai?
a) y= 2x(x-3); b) y=x(x"+2) -5, ) y=-5x+ D(x—4).
o ) o :
% Ham 5o bdc hai theo bién x la ham so cho bai cong thire co dang y=flx) = ax™+ bx+ ¢
véi a, b, ¢ la cac 6 thuc va a khac 0.

Tép xac dinh cia ham s6 bac hai 1a R.
Vidu 1
Ham s6 nao trong cac ham 6 sau day 1a ham s6 bac hai?

a)y=2x2+tx, b)y=x*+xt1l, c)y= x+1_1 Dy=-3x2—1; e)y=+5-2x.
X

+2
Gidi
Ham s6 vy =2x" + x va ham s6 y = —3x" — 1 déu 1a ham s6 bac hai.
Cachamsby=x +x+1; y:er;;y:JS—Zx khéng phai 14 ham s6 bac hai.
X
gl Hémsénaotrong cac ham s6 duoc choéQléhém s6 bac hai?
T A 1T b
2. D6 thi ham sé béc hai \ i /
p‘z a) Xét ham sé: s /
y=fx)=x'—8x+19=(x— 42 +3 e N T | /3 c
c6 bang gia tri: NHEBVIBE
x 2 |3 |4 |5 |6 \1
g (7 & [ [ [ S 300 1 3 %5 62
Trén mit phing toa do, ta co cac diem (x; f{x)) .

vo1 x thudc bang gia tn1 da cho (Hinh 1). Hinh 1

Hiy v& duong cong di qua cac diém 4, B, S, C, D va néu nhin xét vé hinh dang cua
duong cong nay so voi do thi ciia ham so y =x* trén Hinh 1.
» T



b) Twong tw, xét ham sb: [ vA

y=g(x) =—x*+8x— 13=—(x—4)*+ 3 N § ||
c6 bang gia tri: 5 B| =l

X 2 (3 |4 |85 [ 6 !
e |1 2 [3 ]2 | EEECCEEEEXL
- =1 75 D
Trén mit phing toa do, ta co cac diém (x; g(x)) | 112 i
voi x thude bang gia tr1 da cho (Hinh 2). =t 1
e .

Hay vé& duong cong di qua cac diém 4, B, S, | —:
C, D va néunhén xét vé hinh dang cua duong Ei

cong nay so voi do thi cia ham so y = —x* trén
Hinh 2.

" Hinh2

Tir J-), ta thay hai dang co ban ctia d6 thi ham s6 bc hai tng v6i hai truong hop a > 0
vaa<0.

Mot cach tong quat, sau khi bién déi y = ax® + bx + ¢ = c{x— [—iﬂ +- [—ﬁj ,voia#0

2a a

va A = b*— 4ac nguoi ta ching minh duoc rang trong mét phéng toa do Oxy, d6 thi ham s

bac hai y = ax? + bx + ¢ ¢o hinh dang la mot parabol va co dinh S[—%;—%).
[¢} a

L} 4
.-
L -
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Trong mit phing toa dd Oxy, dé thi ham sé bdc hai y = ax” + bx + ¢ (véi a # 0) 1a
mot parabol (P):

— Co dinh S vo1 hoanh do x, = —i, tung do ) —ﬁ;
2a da
r A r bl 2 - b 1 - 2 . = 3
— CO truc doi xirng la duong thang x = o (dwong thang nay di qua dinh S va song
a
song voi truc Oy);,
— Bé 18m quay 1én trén néu a > 0, quay xudng dudi néu a < 0;

— Cit truc tung tai diém c6 tung d6 bang c, tire 1a @6 thi d qua diém co toa d6 (0; ).

Chi y: a) Néu b = 2b'thi (P) c¢6 dinh S[——; —ﬁ].

a a
b) Néu phuong trinh ax? + bx + ¢ = 0 ¢6 hai nghiém x,, x, thi d6 thi ham s6 bac hai
v = ax?+ bx + ¢ cit truc hoanh tai hai diém lan lwot ¢6 hoanh d6 1a hai nghiém nay
(xem Hinh 3).



¥y f

=y

1 (3] Q
=t

Il

a..; el
+

g

+

[+

=y

Hinh 3

0:
& X i u : 3 :
Cach v& do thi ham so bac hai y = ax™ + bx + ¢ (voi a # 0):

1) Xac dinh toa do dinh S[—i; —ﬁj :

2a da

%) Vi truc déi ximg d 1 Gromgai s _2i.
a

3) Tim toa dé giao diém clia d6 thi véi truc tung (diém A4(0; ¢)) va giao diém cta do thi
voi truc hoanh (néu co).

o £ n e . _b
Xac dinh théem diem doi xung vo1 4 qua truc doi xing d, la diem B[—;c] i
a
4) Vé parabol ¢6 dinh S, ¢6 true doi xiing d, di qua cac didm tim duoc.

Vidu2
V& d6 thi cac ham so:

a) y =flx) = ="+ 4x -3; b)y =fx) =x*+2x+2.

Gidi oA

a) Trong mit phing toa do Oxy, d6 thi ham s6 T [
bac hai y = f{x) = —x?+ 4x — 3 1a mét parabol (P):

— Cd dinh S v61 hoanh dox, =2, tung dd y,= 1,
— C6 truc dbi ximg 1a duong thing x = 2 (duong
thang nay di qua dinh S va song song voi truc Oy);
— Bé16m quay xubng dudi vi a < 0;

— Cét truc tung tai diém co tung do bé’mg -3, tuc la
do thi di qua diém c6 toa do (0, -3).
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Ngoai ra, phuong trinh —x*+ 4x —3 =0 ¢6 hai nghiém phéan biét x =1 va x, =3 nén d6 thi
ham s6 cat truc hoanh tai hai diém c6 toa do (1; 0) va (3; 0).

Ta vé& duoc d6 thi nhu Hinh 4.

b) Trong mit phing toa do Oxy, d6 thi ham s
bac hai y =f{x) =x*+ 2x + 2 la mot parabol (P):
— Co dinh S vo1 hoanh do x,= -1, tung oy = 1,

— C6 truc d6i xiimg la duong thing x = —1 (duong
thang nay di qua dinh S va song song voi truc Oy);

— Bé16m quay léntrénvi a > 0;

— Cét truc tung tai diém co tung do bé'mg 2, ticla
d6 thi di qua diém c6 toa do (0; 2).

Ta v& dwoc do thi nhw Hinh 5.

Y

@2 V& d6 thi ham s6 y=x" — 4x + 3 161 so sanh d6 thi ham s6 nay véi d6 thi ham s6 trong
v Vi du 2a. Néu nhan xét ve hai do thi nay.

3. Su bién thién cia ham sé béc hai

Ttr d6 thi ctia ham s6 bac hai cho & hai hinh sau, tim khoang déng bién va nghich bién
ctia ham s0 trong moi trirong hop.

AV

1 | -
1 1
: :
: vEax' byt Aes - —
ix : 7 da
S I
| 2a X : X
1 z ;
! |0 *
! |
X, (O X, X .‘r=—i:
1 2ai
A c 1 2 i
~ 2 Psdyv=ax +bx+c 1
da 1 i
1 1
a)a>0 b)a<0
Hinh 6

Dua vao do thi ham so bac hai y= ax?+ bx + ¢ (va1 a # 0), ta co bang tom tét ve su bien thién
cta ham s0 nay nhu sau:
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a>0 a<0

Ham s6 nghich bién trén khoang [—oo; ﬁ] Ham s6 dong bién trén khoang [—oo; ‘_b]

2a 2a
. A - A ~ > _b - - - A ~ > _b
va dong bien trén khoang 2—; 400 | va nghich bien trén khoang 2—; 400 |
: a : a
Bang bién thién: Bang bién thién:
X —o0 __b +o0 x —0 i +0o0
2a 2a
+o0 +o0 =
A \ i / f) / - \
4a o —00
Chay:

T bang bién thién cta ham s6 bac hai, ta thay:

F 5 * L - 2 Ly A _A [ _b 3 2 e & £, i P 3
—Khi @ > 0, ham so dat gia tr1 nhé nhat bang — tai x= — va ham s0 co tap gia tr1 la

da 2a

T= —£;+oo ;

da
. N i - ~ " e 2 _A J ol i N - — . A

—K]:ua<0,hamsodatg1amlcnnhatbang4—ta,1x=2—Vahamsocotapglamla
a a

= —o.O;—i .

da
Vidu 3

Lap bang biép thién ctia ham s6 y = " + 4x — 3. Ham s6 nay co gia tri 16n nhat hay
gia tr1 nho nhat? Tim gia tr1 do.
Gidi
Pinh S ¢6 toa do: X, W W IS y=-2%+4.2-3=1.
2¢ 2.(-1) 7S
Hay S(2; 1).

Vi ham s0 bac hai ¢6 @ =—1 < 0 nén ta co bang bién thién sau:

X —o0 2 4o

o | T

—00 —00

Ham s6 dat gia tri 1én nhat bang 1 khix=2.

gﬁi Tim khoang d6ng bién, khoang nghich bién ciia ham s6 y = 2x* — 6x + 11. Ham s6 nay

c6 thé dat gia tri bing —1 khoéng? Tai sao?

-



4.
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Ung dung clia ham sé béac hai
Tam bay cao va tam bay xa

Trong mén cau 16ng, khi phat cau, ngudi choi can danh cau qua
khai lwdi sang phia san doi phwong va khong dige dé cho cau roi
ngoai bién.

Trong mit phang toa dd Oxy, chon diém co toa do (0 v,) la diém
xuat phat thi phuong trinh quy dao cua cau long khi ro1 khoi mat
vot la:

2
— o
g.x

=i} x fy
g 2.v,.cos" ()2 +,

trong do:

e g la gia toc trong truong (thuwong duoc chon 1a 9.8 m/s?);
e 0. 1a goc phat cau (so véi phwrong ngang ctia mit dat);

e v lavan toc ban dau cta cﬁiu;
® , 1a khoang cach tir vi tri phat cau dén mat dat.
Pay la mot ham s6 bac hai nén qui dao chuyén dong clia cau 1ong 1a mot parabol.
A
y

X
y=————rttan|(x).x +y
2.1% . cos’ar () ol

(@) " diém cham dat ‘x;

Hinh 8

Xét truong hop ling g6, voi van toc ban dau va goc phat cau dd biét, cau chuyén dong theo
quy dao parabol nén sé:

— Pat vi trd cao nhat tai dinh parabol, goi la tam bay cao,

— Roi cham dat 6 vi tif cach noi dumg phat cau mot khoang, goi 1a tdm bay xa.

Bai toan ing dung

Mot nguoi dang tap choi cau 16ng c¢é khuynh hudng phat cau voi gée 30° (so voi mit dat).
a) Hay tinh khoang cach tw vi tri nguoi 11:3;1y dén vi tr(i cau 1‘Oi‘cha,m dé(?t (tam bay xa), biét cau
ro1 mat vot 6 do cao 0,7 m so véri‘ mat dat Yé van toc ban déiu cﬁav cau la 8 m/s (bd qua stuc
can cua gio va xem qu¥ dao cia cau ludon nam trong mat phang thang ding).

b) Giit gia thiét nhw cau a) va cho biét khoang cach tir vi tii phat cau dn lwdi 1a 4 m. Lan
phat cau nay co b1 xem la hong khong? Tai sao?

(Théng tin bé sung:

— Mép trén ctia ludi cau 16ng cach mit dat 1,524 m;

— Gia toc trong trrong duoc chonla 9,8 m/ sz.)



Giai

a) Chon he truc toa do nhw Hinh 9 (vi1 tri roi cua cau thudc truc hoanh va vi tri cau 101 mat

vot thudce truc tung).
A

v

AN

o diém cham dat
Hinh 9

Véi g=9.8 m/s’, goc phat cau o= 30°, van toc ban dau v,= 8 /s, phuong trinh quy dao cta caula:

49 , 3

=——=x"4+—x+0,7 (Vo1x=0).
T 3 ( )
Vi tii cau roi cham dat 1a giao diém cta parabol va truc hoanh nén giai phuong tinh
—%xz +£x+ 0,7=0 ta duge x, ~ —1,03 vax,~ 6,68.

Gia tr1 nghiém duong cho ta khoang cach tir vi tri ngwoi choi cau long dénvi tii cau roi cham
dat1a 6,68 m.

b) Khi cau bay téi vi tri lwéi phan cach, néund & bén trén mit ludi va diém roi khong ra khéi
duodng bién phia bén san d6i phuong thi lan phat cau méi duoe xem 1a hop 18.

Ta can so sanh tung do cia diém trén qu§ dao (co hoanh d6 bang khoang cach tir goc toa
d6 dén chan ludi phan cach) véi chiéu cao mép trén cia ludi dé tim cau tra 101,

diém bién trong diém bién ngoai b

Hinh 10

4m i phén cich

4.9 3

Khix=4 ta c()y=—¥ A+ . .4+0,7~ 1,38 Suyray<1,524.

Nhu vay lan phat cau dd bi héng vi diém trén qui dao cia cau thip hon mép trén cia ludi.

Trong bai toan ing dung, khi choi trén san cau long don, cac 1an phat cau véi théng tin
nhu sau c6 duge xem la hop 1é khong? (Cac thong tin khong duge d& cap thi van giit
nhu trong gia thiét bai toan trén).
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a) Van toc xuat phat cia cau 1a 12 m/s.
b) Vi tri phat cau cach mat dat 1,3 m.
Luru y: Céc thong s6 vé san cau 16ng don duoc cho trong Hinh 11.

Hinh 11
BAI TAP
1. Ham s6 nao sau ddy 1a ham s6 bac hai?
a) y=9x"+ 5x + 4, b)y=3x+2v+1;
) y=—4(x+2)* +2(2F + 1) + 5; dy=5¢+Jx +2.

. Cho ham s y = 2¥* + x + m. Hay xé4c dinh giA tri \ Y
ctia m dé ham so dat gi tri nho nhat bing 5. %

. Vé do thi cac ham so sau:

D=2+ dr-1;  by=—F+2w+3; M
c) y=-3x"+ 6x; dyp==2¢"—5, ° \ I
. Hiy xac dinh ding d6 thi ctia méi ham sb sau : \ /
trén Hinh 12 Vi

. - A s - A 3 A - a Aqa .
. Tim diéu kién cua m de ham s0 y = f{x) la ham so bac hai.

a)yzni,t4+(n;+ l)xz-i-x-i- 3 b)y=(m—2)x3+(m— 1)x2+ 5.

. Lap bang bién thién clia ham s6 y ="+ 2x + 3. Ham s6 nay co gia tri 1én nhat hay gia tri nhé

nhat? Tim gia tri do.

. Cho ham s6 bac hai y = fix) = @’ + bx + ¢ c6 £0) = 1, A1) =2, A2) = 5.

a) Hay xac dinh gia tr1 cua cac hé so a, b va c.

b) Xac dinh tap gia tri va khoang bién thién ctia ham sb.

ament:

P):y=-2x"—4x+2;
P):y=3x"—-6x+5,
P y=4x"-8x+7, 1

@) y=-3x"-6x—1. = /;// ;] \c}\] 73 4

Hinh 12

(8]

5-:"




8. Tim cong thirc ctia ham s6 bac hai cé d6 thi nhw Hinh 13. v
24
9. Chiéc cau day ving mot nhip dwoc thiét ké hai bén 11
thanh cau c6 dang parabol va duoc ¢6 dinh bing -
cac day cap song song. Sk
Dura vao ban v& ¢ Hinh 14, hiy tinh chiéu dai tong
cong cua cac day cap doc 6 hai mat bén. Biét:
— Day dai nhatla 5 m, diy ngannhat1a 0.8 m. Khoang
cach gifta cac diy bang nhau.
— Nhip cau dai 30 m.
— Can tinh thém 5% chiéu dai méi soi day cap dé
neo cb dinh.
Hinh 13
' 0.8m
5 \ 5
VI T T T rr——7TT T[] " M m
30m
a) Hinh vé cdu day viang b) Hinh chiéu dung cta cau day vang
Hinh 14
4 A

Ban c6 biét?
Quy luat tu nhién va hinh dang parabol

Vat chuyen dong béi ném xién hay ném
ngang co6 quy dao 1a mot phan clia parabol.
Hién twong nay quan sat duoc khi ném
bong, nhay xa, truot tuyét nhay trén khong,
vol nudc phun, ...

Trong khi do, chuyén dong ro1 tur do hodc
chuyen dong lan trén mat phang nghiéng co
do dai quang duong tuan theo quy luat mot
ham s6 bac hai theo thoi gian #, mic di quy e
dao chuyén dong la duong thang. Nha vat Hinh 15

li hoc Galilei, déng thoi ciling la mot nhac

sT, dd thiét ké bo dung cu do quing duong lan clia vat ning trén mat phang nghidng sau
nhitng khoang thoi gian nhw nhau @ chimg minh két qua nay. Thoi d6 chua co thiét bi
phtl hop nén 6ng di ding nhimg chiéc chudng d& phat ra am thanh cach déu thoi gian
moi khi vién bi 1in téi. That kho tin nhung Galilei nhay bén véi am thanh va 6ng nhan ra
quing duong lai khong nhu nhau du cac khoang thoi gian 1a déu nhau.
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Khoang thoni gian thi nhidt
| ! don viquang dudmg »

Khodng thin gian thir hat
3 dun vi quang duimg

—

Khoang thén giun thir ba \v
3 don vi quang duimg

Hinh 16. Dung cu “mét phang nghiéng” do quang Hinh 17. Mé phéng mat phang nghiéng Galilei
dweng di chuyén sau méi khoang thoi gian déu
nhau cta Galilei tai Bao tang Galileo, nuéc Y

Quy dao parabol
Khi mot vat tix vi tri y, bt ném xién lén cao theo goc o (so voi phuong ngang) voi van toc

2
e X
2

ban dau v, thi phuong trinh quy dao cta vat nay la: y=—
2.v,.cos"a

+tan(a).x + y,

Pay 1a mot ham s6 bac hai nén qui dao chuyén déng la mét parabol.

ya SH: tam bay cao
S OA: tam bay xa
v
Q} _______
¥,
0 H T

Hinh 18. Vat dugc ném tu vi tri O, vdi goéc ném o bay lén dén diém cao nhat la S va roi xuéng diém A

Khoang cach SH duoc goi la tam bay cao, con khoang cach OA4 dwoc goi 1a tam bay xa.

Néu van toc ban dau co d6 16n khong doi, thi gée ném o anh hwéng dén tam bay cao va
tam bay xa.

— Trong thé thao, van déng vién moén ném lao, ném dia hay nhay xa, ... ¢o lic ném gan
nhu 6n dinh. Do vy, viéc diéu chinh géc ném o chinh 1a ki thudt d& dat muc tiéu xa nhat.
— Binh ching Phéo binh Vidt Nam c6 cau khau hiéu “Chan dong, vai sit, danh gioi, ban
tring” gan lién vaéi ki thuat diéu chinh van téc ban dau v, va goc o dé dan phao tring
muc tiéu.

(Neuon: https://www.researchgate net)




1. Tim tap xac dinh cta cac ham so sau:

a)y=4x"—1,
1

b) y=——0r:

) ¥ x+1
1

c) y=2+—.
X

2. Tim dieu kién ciia m dé méi ham s6 sau
day la mot ham so bac hai:
a) y=(1-3mx*+3;
b)y = (4m - D)(x =7’
)y=2x+1)+11 —m.

3. V& do thi cac ham s6 sau:
b)y=—"-4x+5;
d) y& & ==

Q) y=x —4x+3;
c)y=x"—4x+5,

4. Mot van dong vien chay xe dap frong 1 gio
30 phut dau véi van toc trung binh la
42 km/h. Sau doé ngudi nay nghi tai cho
15 phiit va tiép tuc dap xe 2 gid lién véi
van toc 30 km/h.

a) Hay biéu thi quing duong s (tinh bang
kilomét) ma nguol nay di duoc sau 7z phut
b%'mg mdt ham sd.

b) V& d6 thi biéu dién ham s6 s theo 7.

5. Biét rang ham s6 y = 2x” + mx + n gidm trén
khoang (—0; 1), tdng trén khoang (1; +=) va
co tap gia tr1la [9; +o0). Xac dinh gia t11 cia

mvan.

6. Nhay bungee la mot tro choi mao hiém.
Trong tro chot nay, nguoi choi ding 6 v tri
trén cao, thit day an toan va nhay xudng.
Sot1 day nay co tinh dan hoi va duoc tinh
toan chiéu dai d no kéo nguoi chot lai ki
gé“m cham dat (hodc mat nuac).

Chiéc cau trong Hinh 1 ¢6 bd phin chong
dd dang parabol. Mot nguoi muon thue
hién mot cu nhay bungee tir gitta cau
xubng voi diy an toan. Nguoi nay can
trang bi so1 day an toan dai bao nhiéu
mét? Biét rang chiéu dai cla soi day dé
béng moét phan ba khoang cach tir vi tri
bat dau nhay dén mat nude.
Vi tri nhay 1m

Hinh 1

7. Gia st mot may bay curu tro dang bay theo
phuong ngang va bit dau tha hang tir do
cao 80 m, lic do may bay dang bay vail van
toc 50 mv/s. Pé thing hang ctru tro roi ding
vi1 tri dwoc chon, may bay can bat dau tha
hang tir vi tri nao? Biét rdng néu chon goc
toa d6 la hinh chiéu trén mat dat ctia vi tri
hang ctu tro bt dau duoc tha, thi toa do
cia hang cuu tro duoc cho baéi he sau:

ozl

1
=h——gt’.
y 5 &
Trong do, v,1a van toc ban dau va h la do
cao tinh tir khi hang 101 may bay.
Luuy: Chuyén dong nay duoc xem la chuyén
dong ném ngang.

Hinh 2




Phén| HiNH HOCVA DO LUONG

HiE THIUC LUGNG

ChuongllV.

IRONG GIAC

Trong chuwrong IV, chiing ta sé mé rong khai niém ti sé lugng gidc cia géc nhon qua viéc thiét 1ap cac gia tri lugng
gidc ciia cac goc tir 0° dén 180° . Chiing ta ciing sé tim hiéu vé cac hé thiic lwvong co ban trong tam gidc, cu thé la:
dinh li cdsin, dinh li sin, cic cng thiic tinh dién tich tam giac, dong thai van dung cac dinh li, cdng thiic néi trén
vao cac bai toan giai tam giac ciing nhu giai quyét mot so tinh hudng thuc tién.

Cau Can Tho bac ngang séng Hau.

@ Hoc xong chuong nay, ban cé thé:

- Nhén biét va tinh dugc gia tri lugng gidc clia mét géc tir 0° dén 180°.

- Tinh dugc gia tri lugng gidc ctia mot goc tir 0° dén 180° bang mdy tinh cam tay.

- Giai thich dugc hé thic lién hé gilia gia tri lugng gidc cia cac gdéc phu nhau,
bu nhau.

- Giai thich dugc céc hé thic lugng co ban trong tam gidc: dinh Ii césin, dinh Ii sin,
cong thuc tinh dién tich tam giac.

- M6 t& duogc cach giai tam giac va van dung duogc vao viéc gidi mot sé bai toan
¢4 ndi dung thuc tién.

e



Bai 1. Gia tri luong giac cua mot goc
tur 0° dén 180°

Tir khoa: Gid tri lugng gidc; sin; cdsin; tang; cotang.

Lam thé nao dé mé rong khai niém ti so lwgng gidc cia gécnhon
cho cac géc tir0° dén 180°?7

1. Gia tri lwong giac

A
ﬁi Trong mat phang toa do Oxy, mia duong tron g 1
tam O ban kinh R = 1 nidm phia trén truc hoanh
duoc goi la nfra duong tron don vi. Cho trude mot N S M
gdc nhon a, lay didm M trén mita duong tron don vi -

sao cho XOM =q.. Gia stt diemM c¢o toa do (x5 ) o H

Ap dung cach tinh cac t s6 luong giac ctia mot
géc nhon da hoc & 19p 9, ching t6 rang: Hinh 1
X,
sino. =J,; COSQL = X; tano = 24 . cota = =
o Yo
M6 rong khai niém ti s6 lwong gidc d6i véi gde nhon cho nhing goc a bat ki véi 0°< o < 180°,
ta co dinh nghia sau day:

¥ V6i mbi goc o (0° < o < 180°) ta xac dinh

: i a R 5 A
duoc mot diem M duy nhat trén ntra duong " 1
tron don vi1 sao cho xOM = a.. Goi (xo; yo) la
toa do diém M, ta co: M/ ] o
[t}
1
— Tung do y, cua M la sin cua goc o., ki hieula :
sinoL =y, ! [Ea -
; -1 x, o 1 «x
— Hoanh do x, cua M la césin cia goc o, ki higu
la coso. = x,; Hinh 2

SR 5 i . A aAlL A V
—Tiso 2 (x,# 0) la fang cua goc o, ki higu la tana = =2
Xy X

s A -xg b A 7 r i e - o xﬂ
—Tiso y_ (v, # 0) la cotang cua goc o, ki higu la coto. = y_
0 0

Cac s0 sina., cosa., tanal, coto. duoc got la cac gid tri lirong gidc ciia goc o.




Vidu 1
Tim cac gia tr1 lwong giac cia goc 120°.

Gidi
Lay diém M trén ntta dwdng tron don vi sao cho
XOM =120°. Ta ¢6 MOy =120° — 90° =30°.
Ta tinh duoc toa d6 didm M1a (_%-, g} |
Vay theo dinh nghia ta co: \

V3 1|

SlI’11200 = T’ 0051200 i

k)

NE

tan120° = -3 cot120° = -5

Chuy:

a) Néu o 1a goc nhon thi cac gia tri luong giac cia a déu duong.

Néu o 1a goc tu thi sina > 0, cosa < 0, tana < 0, cota < 0.

b) tano chi xac dinh khi o # 90°.
coto, chi xac dinh kli o0 # 0° va a. = 180°.

@1 Tim céac gia tr1 lugng giac cua goc 135°.

2. Quan hé gilra cac gia tri lwong gidc cua hai géc bu nhau

sin(90°—a.) = cosa,

tan(90°— o) = cotar;

Trén mta duong tron don vi, cho day cung
NM song song voi truc Ox (Hinh 4). Tinh

tong s6 do ctia hai goc XOM va xON.

cos(90°— o) = sina.;

cot(90°— o) = tano.

Sau diy ta s& tim hiéu vé moi lién hé giita cac gia tri luong giac cia hai goc bi nhau.

=y

Tir 16p dudi ta dd biét hai goc phu nhau thi cac ti s6 lwong giac clia ching c6 méi lién hé:




Néu xOM = o thi ta ¢ ﬁr’zlSO”—a.

. | . r ; N N . N . - —— i .
Gia st diem M co toa do (x, v). Do x,= -, =-x,. v, =¥, =¥, nén ta co cac tinh chat sau:

O

= Vi moi goc o thoa man 0° < o < 180°, ta Iuon co:
sin(180° — o) = sinao.; cos(180° — o) = —cosa;
tan(180° — o) = —tana (o # 90°); cot(180° —a) =—cota (0° < o < 180°).
Vidu 2

. | 2
Cho biet sin30° = 5; cos45° = g; tan60° = /3. Tinh sinl 50° cos135°% tan120°.
Gidi

V2 v

sinl50° = sin30° = %; c0s135° =—cos45°= k3 :tanl120° = —tan60° = —

@2 Tinh cac gia tri lwong giac: sinl120°% cos150°%; cotl 35°.

ffﬁl Cho biét sina. = % tim goc o (0° < o < 180°) béng cach vé& nira duwong tron don vi.
3. Gia tri lwong gidc clia mét sé goc ddc biét

Gia tri luong giac cta cac goe bat ki co thé tinh bang may tinh cam tay.

Duéi day 1a bang gia tri luong giac ciia mot s6 goc dac biét.

o 0° 30° 45° 60° 90° 120° 135° 150° 180°
Gia tr1 luong giac

sino. 0 = ﬁ ﬁ 1 ﬁ ﬁ 1 0
2 2 2 ) 2 2

COSOL 1 ﬁ ﬁ l 0 e l - ﬂ _ ﬁ =
2 2 2 2 9 7

tano 0 g | B3 I Y -1 | - g 0

cotor I L 1 ? U g ~1 -3 I

Chu y: Trong bang, ki hidu “||” dé chi gia tri luong giac khong xac dinh.

gﬁi Tinh: A4 =sinl150° + tanl135° + cot45%; B =2c0s30° — 3tan150° + cot135°.

s T



@ Tim goc a (0° < a. < 180°) trong mai tredng hop sau:

V3 2

el

a) sino. = i b) cosa. = - c) tana =-1; d) cota =—+/3.

4. Sir dung mdy tinh cam tay dé tinh gia tri lwong gidc ciia mét géc
C6 nhiéu loai may tinh cam tay c6 thé giup tinh nhanh chéng gia tri luong giac cia mot goc.
Chfmg han, ta co thé thuc hién trén mot loai may tinh cam tay nhu sau:

Sau khi mé& may, an lién tiép cac phim de
man hinh hién 1én bang Iwa chon.

An phim (2] d vao ché d6 cai dat don vi do goc.

An tiép phim (1] dé x4c dinh don vi do goc 1a “do”.

An cac phim (1] & vao ché do tinh toan.

a) Tinh céac gia tri luong giac ctia goc
Vidu 3
Stt dung may tinh cam tay, tinh sinl25°34'28".
Gidi
Pé tinh sin125°34'28", ta 4n lién tiép cac phim sau day:
(D2 E B [@EED (2] (8 O] E

va duwoc két qua sin125°34'28" ~ 0,8133603236, voi
hién thi trén man hinh nhir hinh bén.

: Input /Output |
tAngle Unit
:Number Format
:Engineer Symbol

= Wb

-
:Degree
:Radian
:Gradian

Wh =

B o is 15
Y J Ui g A g

l1:Calculate

vor [ A

sin(125° 34" 287 )

0. 813360323

Pé tinh cosa., tano ta cling lam nhw trén, chi thay phim [sin) bang phim , .

Truong hop muén tinh cota, ta tinh & s
tano

b) Xac dinh s6 do cta goc khi biét gia tri luong giac cia géc dé

Vidu 4

Stt dung may tinh cam tay, tim o (0° < o < 180°) biét coso. = —0,2341.

Gidai

Dé tim o khi biét coso. = —0,2341, ta an lién tiép cac phim sau day:

@Ay @ OHERBEE@IDOEE
va duoc két qua o~ 103°32'19", v&n hién thi trén man
hinh nhw hinh bén.

cosi(-0.2341)

103°32'18. 88"

Pé tim o, khi biét sino., tana, ta cling lam tirong tu nhu trén, chi thay phim bang cac phim

[sin), (tan).
e



g‘i a) Tinh cos80°43'51"; tan147°12'25"; cot 99°9'19".

BAI TAP

. Cho biét sin30° = 5; sin60° = T; tan45° = 1. St dung moi lién he gifta cac gia tr1 luong

th

b) Tim o (0° < o < 180°), biét cosa, =—0,723.

W3

giac clia hai goc b nhau, phu nhau dé tinh gia tri ctia £ = 2c0s30° + sin150° + tan135°.

Chiing minh rang:
a) sin20° = sinl160°, b) cos50° =—os130°.
Tim géc o (0° < o, < 180°) trong mai truong hop sau:

V2

a) coscf.:—T; b) sina. = 0;

¢) tana =1, d) cota. khong xac dinh.

Cho tam giac 4BC. Chiimg minh réng:

a) sind = sin(B + O), b) cosd = —cos(B + C).

Chiing minh rang véi moi géc o (0° < a. < 180°), ta déu co:

a) cos?o. + sina = 1; b) tanc. cotaa =1 (0°<a < 180°, o # 90°);

¢) 1 +tan‘o = 1, (o #90%); d) 1+ cot’o = — 12 (0°< o < 180°).
cos” o sin” o,

Cho goc o voi cosa = —72 . Tinh gia tri ctia biéu thiic A4 = 2sinfo. + Scos2o.

Dung may tinh cam tay, hiy thue hién cac yéu cau dudi day:

a) Tinh: sin168°45'33"; cos17°22'35"; tan156°26'39"; cot56°36'42".
b) Tim a. (0° < o < 180°) trong cac trueong hop sau:
1) sino. = 0,862, 11) cosa. = —0,567, 111) tano. = 0,334.

Bai 2. Dinh li c6sin va dinh li sin

Tirkhoa: Dinh li césin; Dinh li sin; Dién tich tam giac; (ong thitc tinh dién tich tam giac.

@ Lam thé nao dé tinh d6 dai canh chua biét ciia hai tam giac duéi day?
(4




1. Pinh li césin trong tam gidc
S .\li a) Cho tam giac ABC khong phai la tam giac

vudng voi goc A4 nhon va C >B. V& duong
cao CD va dit tén cac do dai nhu trong Hinh 1.
Hay thay [l bing chit c4i thich hop dé chimg
minh cong thitc @ = b%+ ¢?— 2bc cosA theo goi Hinh 1
y sau:

Xét tam giac vudng BCD, ta ¢&: a*=d*+ (c —x)’=d*+x*+ - 2xc. (1)

Xét tam giac vudng ACD, ta c&: b*=d*+x* = d*=b*—x". (2)
cosAZ% :>.=bcosA. 3

Thay (2) va (3) vao (1), ta co: a*= b* + ¢* — 2bccosd.
Luu y: Néu B >C thitavé duong cao BD vaching
minh tuong tir.
b) Cho tam giac ABC voi goc 4 tu. Lam twong tunhue 4
trén, ching minh ring ta ciing co:

a*=b*+ c* —2bccosA. D

T e a8 - e cHx
Luuy: ViAla goc tunén cosd = = PP

A
Y

¢) Cho tam giac ABC vudng tai 4. Hay ching t6 cong thitc @ = b* + ¢* — 2bc cosd ¢
thé viet 1a a® = b2+ ¢
Pinh li cosin
£ 45 _ .
& Trong tam giac ABC vo1 BC=a, CA=b, AB = ¢, ta co:
a*=b*+ ¢*—2bccosd;
b*=c*+ a* — 2cacosB;

2= - 52— DabcosC.

T dinh li cosin, ta co hé qua sau day:

He qua
-::. b*+c*-d ca e A bt
cosAzT; cosBzT; cosCzT.
Vidu 1

Cho tam giac ABC c¢o C = 115°, AC =8 va BC = 12. Tinh do dai canh 4B va cac
goc 4, B cua tam giac do.

-



Giai

Theo dinh li cosin, ta co: C
AB*=BC*+AC*-2.BC.AC .cosC g 118° Is
=122+8>—2.12.8.cos115°
~ 289,14. 4 B

Hinh 3
Vay AB~ J289,14 ~
ARG ACP - BC? 1774821

Theo hé qua cia dinhli cosin, ta co cosd = ~ ~0,7684.
248 .4C 2.17:8

Suyra A ~39°47. B =180°—( A + C )~ 25°13",

Tinh cac canh va cac goc chura biét clia tam giac ABC
trong Hinh 4.

Hinh 4

O Tinh khoang cach giita hai diém & hai dau cia mét hd nude. Biét tir mét diém cach hai
dau ho lan Iuot 12 800 m va 900 m ngudi quan sat nhin hai diém nay dudi mét goc 70°
(Hinh 5).

Hinh 5

2. Dinh li sin trong tam gidc
Pz’ a) Cho tam giac 4BC khong phai 1a tam giac vuéng ¢cé BC=a, AC=b,AB=cvaR1a
ban kinh ctia duong tron ngoai tiép tam giac d6. V& dwong kinh BD.
i) Tinh sin BDC theo a va R.



a

ii) Tim méi lién hé gitta hai géc BAC va BDC . Tir d6 chimg minh ring 2R = — —
S1n
A

Hinh 6a. Tam giac ABC c6 goc A nhon Hinh 6b. Tam gidc ABC c6 géc Atl
b) Cho tam giac ABC véi goc A vuong. Tinh sind va so sanh a voi 2R d& chimg t6 ta

x . oa ; a
van co cong thirc 2R =——.
sind

T Q, ta co dinh i sau:

Pinh li sin
0
# Trong tam giac ABC vo1 BC=a, CA=b, AB = ¢, ta c&:
CE= =
sind sinB  sinC
trong do R 1a ban kinh duong tronngoai tiép tam gidc ABC.

T dinh i sin, ta co hé qua sau day:

He qua
o | .
* q=2Rsind, b =2RsinB; ¢ = 2RsinC
sinA:i; sinB:i; sinC =——.
2R 2R 2R
Vidu2

——

Cho tam giac ABC c6 A =72°, § =83°, BC =18. Tinh d0 dai cac canh AC, 4AB va
ban kinh R cta dwong tron ngoai tiep tam giac do.
Gidi
Data=BC, b=AC,c=AB.
Tacé: a= 18, C =180° — (72° + 83°) = 25°,

2. .0 B o
sind smmB  sinC

Ap dung dinh li sin, ta co

68



Suy ra:
A

AC = b= aémB _ 18..511'183 ~18.8: >
sin 4 sin72°
e asinC 18..511'125 8
sin.A sin 72° 830
18
a 18 8 . =
= - = - "y . Hinh 7
2sind 2.sn72°
M
@2 Tinh cac canh va cac goc chura biét cia tam giac MNP 4
trong Hinh 8.
112°
22
N P
Hinh 8

‘,@ Trong mdt khu bao ton, ngudi ta xdy dung mot thap canh va hai bon chira mmc A, B
w2
dé phong hoa hoan. T thap canh, nguoi ta phat hién dam chay va so liéu dwa vé nhw

Hinh 9. Nén dan nudce tir bon chita 4 hay B d& dap tat dam chay nhanh hon?

Bon chita nudc A

1
Fir

Diém chay

0k
VAVA' &N

ATATATATA

Bon chira nudc B

AV.V.V.V\vivav, -
AR

Hinh 9




3. Cdac cong thire tinh dién tich tam gidc

Q Cho tam gitc ABC nhur Hinh 10, 4
a) Viét cong thirc tinh dién tich S cia tam giac ABC b
theoavah, c h,
b) Tinh & _theo b va sinC.
-
5 S CA | ; ; % 3 B H e
¢) Dung hai két qua trén dé ching minh cong thie = o
S= % absinC. AR

d) Dung dinh 1i sin va két qua & cu c) dé chimg minh cong thic S = % :

Cho tam giac ABC cO BC=a, AC=b,AB=cva
(I, r) la duong tron ndi tiep tam giac (Hinh 11).
a) Tinh dién tich cac tam giac IBC, IAC, IAB
theorvaa,b, c.

b) Dung két qua trén dé chitng minh cong
thite tinh dién tich tam giac 4ABC:

Hlath-ey
—

S

Bing cach ap dung cac hé thite luong trong tam gidc, ta ¢6 thé tim thém dwoc nhiéu cong
thitc tinh dién tich tam giac. Vi du: Thay A, = ¢. sinB vao cong thirc tinh dién tich S = % ah
ta duoc S= % ac sinB.

Cho tam giac ABC. Ta ki higu:

* h, h,h lado dai cac duong cao lan luot ung vai cac canh BC, CA4, AB.
+ R 1a ban kinh duong tron ngoai tiép tam giac.

+ r1a ban kinh duong tron noi tiép tam giac.

¢ pla mta chu vi tam giac.

¢ Sla dién tich tam giac.

Ta co cac cong thirc tinh dién tich tam gidc sau:

ch 2)S=%absinCZ%bcsinAZ%acsinB;

abc
AR °
5) S =yp(p—a)p-b)(p—c) (cong thirc Heron).

3)S = 4 S=pr,




@

Vidu3
Cho tam giac ABC ¢6 a = 2\/3, b=2va C =30°.

a) Tinh dién tich tam giac 4ABC.
b) Tinh ban kinh dwong tron ngoai tiép tam giac ABC.

Giai

a) Ap dung cong thire S = %ab sinC, ta co:

S :%.2\/5.2.511130“ :%.2\/52%:& ~1.7.

3

b) Ap dung dinh li césin, ta co: ¢* = a* +b* - 2abcosC=12+4-2 . 243. 2. A

Suy ra ¢ = 2.
c 2 2

Ap dung dinh li sin, ta co: R =

2sinC 2:5in30° 5 1 h
2
Vidu 4
Cho tam giac ABC c¢o cac canh a =30, b =26, ¢ = 28.
a) Tinh dién tich tam giac 4BC.

b) Tinh ban kinh dwong tron ngoai tiép va ban kinh dwdng tron ndi tiép tam giac ABC.
Gidi

2 TarcGigr— % (304 261 28)= 42,

Ap dung cong thitc Heron, ta co:

S =p(p-a)(p-b)(p- c) = \J42(42 - 30)(42 - 26)(42 - 28) = 336.

abe abe 30.26.28
b)Taco S =——,suyra R = 2 =16.24.
) aR ™Y 48 4.336
; S 336
Talai cOS=pr,suyra r =—=——=38,
p 42

Tinh dién tich tam giac ABC va ban kinh duodng tron ngoai tiép tam giac ABC trong cac
truong hop sau:

a) Caccanhb=14,c=35va 4 =60°;
b)Caccanha=4,b=35,c=3.




O.; Tinh dién tich mo6t canh budém hinh tam giac. Biét
canh budm do co c]:ueu dai mot canh la 3,2 m va hai
goc ké canh d6 co s6 do 1a 48° va 105° (Hinh 12).

Hinh 12

BAI TAP

1. Tinh do dai canh x trong cac tam giac sau:

5 123°

W | =

b)
Hinh 13

2. Tinh d¢ dai canh ¢ trong tam giac ABC ¢ Hinh 14.
B

105°

C 12 A
Hinh 14

3. Cho tam giac ABC, biét canh a = 152, B = 79°, C =61°. Tinh cac gdc, cac canh con lai va
ban kinh duwong tron ngoai tiép cta tam giac do.

-



4. Mot cong vién cé dang hinh tam giac vdi cac kich thuée nhw Hinh 15. Tinh s6 do cac goc
cua tam giac do.

B 800 m &
Hinh 15

h

Tinh dién tich mot 1a co hinh tam giac can co do dai canh bén
1a 90 cm va géc ¢ dinh la 35°.

6. Cho tam giac ABC c6 AB =6, AC=8va A =60°,
a) Tinh dién tich tam giac 4BC.
b) Goi /1a tam duong tron ngoai tiép tam giac ABC. Tinh dién tich tam giac IBC.

7. Cho tam giac ABC co trong tam G va do dai ba canh 4B, BC, CA lan lwot 1a 15, 18, 27.
a) Tinh dién tich va ban kinh duong tron néi tiép tam giac 4BC.
b) Tinh dién tich tam giac GBC.

8. Cho A, la duong cao vé tur dinh 4, R la ban kinh duong tron ngoai tiép tam giac ABC.
Chung minh he thue: /2, = 2RsinBsinC'.

9. Cho tam giac ABC co goc B nhon, 4D va CE la hai duong cao.

a) Chimg minh Szpg _ 8D . BE
Spic  BABC

b) Biét ring S, =98,,, va DE = 242 . Tinh cosB va ban kinh duong tron ngoai tiép tam
giac ABC.

Hinh 16

10. Cho tit giac 161 ABCD c¢6 cac duong chéo AC = x, BD = y va goc giita AC va BD bang a..
Got Sla dien tich cua tir giac ABCD.
a) Chung minh S= %xysino,.
b) Néu két qua trong truong hop AC L BD.




Bai 3. Giai tam giac va iing dung thuc té

Tir kho4: Gidi tam gidc; Cac yéu to xac dinh tam gidc.

Véiséliéu do dugctirmotbén bosongnhuwhinhve =~
bén, ban hay gitip nhan vién do dac tinh khoang
cach giifa hai cai cay bén kia bo song.

1. Giai tam gidac

Gidi tam gidc la tim 6 do cac canh va cac goc con lai cua tam giac khi ta biét duoc cac
yéu td du dé xac dinh tam giac do.
bé gial tam giac, ta thiong st dung moét cach hop li cac he thite lwong nhur: dinhli sin, dinh li cdsin
va cac cong thire tinh dién tich tam giac.

Vidu1

Giai tam giac ABC trong cac truong hop sau:

a) AB =85, AC =95 va A = 40",

b)AB =15, AC =25 va BC=30.

Gidi

bita=BC,b=AC, c=AB.

a) Ta can tinh canh @ va hai goc §, e

Ap dung dinh li cosin, ta co:

a*=b*+ ¢*—2bccosA =952+ 852-2.95.85.cos40°~ 3878,38.

Suy ra a~ 4f3878,38 % 62,3.

Ap dung hé qua dinh 1i césin, ta c:
_ a*+c¢* - b’ N 62,3%4 85~ 95°

2ac 2.62,3.85

cosB

~0,197.

Suy ra B = 78°38' C =180° —40° —78°38'=61°22..

b) Ta can tinh s6 do ba goc 2,§,8.
Ap dung hé qua cua dinh li cosin, ta co:
b +c*—a* B 25% +15% -30° 1

cosA = —— = A4 =93°49".
2be 2.2515 15




G 8 3 B pepmuys
sind sinB sin93°49' sinB

— B =56°15, C =180° — 93°49' — 56°15' = 29°56",

Ap dung dinh li sin, ta co:

g Giai tam giac ABC trong cac truong hop sau:
a) a=17,4; B = 44°30", C = 64°. b)a=10.b=6,c=8.

2. Ap dung gidi tam gidc vao thuc t&
Van dung giai tam giac giup ta giai quyét rat nhiéu bai toan trong thuc té, dic biét 1a trong
thiét ké va xay dung.

Vidu 2

Mot duong ham duoe du kién xay dung xuyen
qua mot ngon nui. Pé udc tinh chiéu dai cta
duong hﬁm, mot ki su da thue hién cac phép do
va cho ra két qua nhu Hinh 1. Tinh chiéu dai cta
duodng ham tir cac s6 lidu dd khao sat duge.

Hinh 1

Gidi
Ap dung dinh 1i c6sin trong tam giac 4BC, ta co:
AB*=CA*+CB*~2 .CA.CB . cosC=388"+212"—2 .388 . 212 . c0s82,4°~ 173 730.
SuyradB = f173730 ~ 417 (m).
Vay duong ham dai khoang 417 m.

Vidu 3

f?é xac dinh chiéu cao ctia mét toa nha cao
tang, 1}'1('_5‘[ nguc‘w{i dung tai diem M, st dung
giac ke nhin thay dinh toa nha vdoi goc nang
ROA = 84°, ngudi d6 lii ra xa mot khoing
cach LM = 49,4 m thi nhin thay dinh toa nha
Vol goc n€11:1g Rﬁ =78°. Tinh chiéu cao Clzla
toa nha, biét rang khoang cach tir mat dat dén
ong ngédm cua giacke dS1aPL =0M=12m ;Zoimir O ™

(Hinh 2). Hinh 2
Gidi thich: Géc nang 1 goc tao béi tia ngam nhin 1én va duong nim ngang.

Giai

Ta c6 PAQ = AOR —APR =84° —78° = 6°.
Ap dung dinh 1i sin trong tam giac APQ, ta co:
A0 _ PQ 5 AQ  PQ jAQ:PQ.sm?S .

sinP sinA4 sin78°  sin6° SIn6°




Trong tam giac vuong A0R, ta co:

PO .sin78° sin84° 49,4 5in78° .sin84°
sin 6° sinG6’

AR = AQ sin84° = ~ 460 (m).

Vay chiéu cao ctia toa nha la: 40 = AR + RO~ 460 + 1,2 = 4612 (m).

Vidu 4

Hai tram quan sat ¢ hai thanh ph6 Pa Nang va Nha Trang
dong thoi nhin thay mot vé tinh véi gde nang lan luot 1a
75%va 60° (Hinh 3). V¢ tinh cach tram quan sat tai thanh
pho Pa Nang bao nhiéu kilomét? Biét rang khoang cach
gifta hai tram quan satla 520 km.

..I(‘ "

s NhaTrang

Gidi
Goi A, B, Clan Iwot 1a cac diém biéu dién vi ti cia thanh phdé Pa Nang, Nha Trang va
vé tinh.
Tach: T =180°— (60° + 75° = 45°.
Ap dung dinh i sin trong tam giac ABC, ta ¢o:
_ AB.sinB _ 520.sin60°
~sinC in4s°
Viy vé tinh cach tram quan sat tai thanh ph6 Pa Nang khoang 637 km.

AC

~ 637 (km)

Vidu5 Bl
Hay giai bai toan néu ra trong hoat dong khoi dong cua bai. ©

Goti vi tri cia nguoi do dac diung la diém 4 va goi B, C lan luot 1a vi tri hai cai cay bén
kia song. Ta co tam giac ABC vo1 AC =100 m; AB=75mva 4 =32°.

Ap dung dinh 1i cosin trong tam giac ABC, ta co:

BC*=AC*+ AB*—2 . AC . AB . cosA =100+ 75" —2.100 . 75 . cos32°~ 2904.3.

Suy ra BC % 4f2904,3 ~ 53,9 (m).
Vay hai cai cay bén kia song cach nhau khoang 53,9 m. <
A
Hai may bay cling cat canh tit mét san bay nhumg 6\;5

bay theo hai huong khac nhau. Mot chiec di ' ‘%
chuyéen voi toc do 450 km/h theo hudng tay va / \°
chiéc con lai di chuyén theo huong léch so vai ! 5°
hudng béc 25° vé phia tay voi toc do 630 km/h :
(Hinh 5). Sau 90 phut, hai may bay cach nhau bao - _‘;
nhiéu kilomét? Gia sit chiing dang & cung do cao. Y 4 450 km/h o




@ Trén ban db diali, ngusi ta thudng Chan Dog
goi tir giac voi bon dinh lan lugt
14 cac thanh phé Ha Tién, Chau
Péc, Long Xuyén, Rach Gia la tit
giac Long Xuyén. Dua theo céc
khoang cach da cho trén Hinh 6,

tinh khoang cach gifta Chau Béc ~ HaTién Long Xuyéen
va Rach Gia. :
R
Rach Gia
Hinh 6
BAI TAP
1. Giai tam giac ABC trong cac trnirong hop sau:
a) AB=14,AC=123, A =125 b) BC=22, B =64°, C =38°
€) AC=22, B =120°, C = 128" d)AB=123,AC=32,BC=44.

2. Délip duong day dién cao thé tir vi tri 4 dén vi tri B,
do phai tranh mét ngon nii nén ngudi ta phai néi
duong day tir vi ti 4 dén vi td C dai 10 km, sau
d6 ndi duong day tir vi tii C dén vi tri B dai 8 km.
Goc tao bdi hai doan day AC va CB la 70°. Tinh
chiéu dai tang thém vi khong thé ndi true tiép
tir 4 dén B.

3. Mot nguoi dung cach than mat cai quat g16 16 m
va nhin thay tam cta canh quat véi goc ning 56,5°
(Hinh 8). Tinh khoang cach tir tam cua canh quat
dénmat dat. Cho biétkhoang cach tir mét ctia nguoi
d6 dén mit datla 1,5 m.

Hinh 8




4. Tinh chiéu cao AB ctia mot ngon nui. Biét tai hai diém C, D cach nhau 1 km trén mat dat
(B, C, D thing hang), nguoi ta nhin thay dinh 4 clia nii véi goc nang lan lwot 1a 32° va 40°
(Hinh 9).

A

- v
C 1km D

40° X

B
Hinh 9

5. Hai nguoi quan sat khinh khi cau tai hai dia diém P va O
nam & swon doi nghiéng 32° so véi phuwong ngang, cach
nhau 60 m (Hinh 10). Nguo1 quan sat tai P xac dinh goc
nang cia khinh khi cau 1a 62°. Cung lue do, nguoi quan
sat tai O xac dinh goc nang cia khinh khi cau do 1a 70°.
Tinh khoang cach tir O dén khinh khi cau. T

6. Mot nguoi dimg 6 trén mét thap truyén hinh cao 352 m so
vO1 mat dét, muoén xac dinh khoang cach giita hai cot moe
trén mat dat bén dudi. Nguoi d6 quan sat thdy gdc duoc
tao béi hai duong ngam téi hai moc nay la 43°, goc gifta
phuong thing dimg va duong ngam téi mét diém mac trén
mit dat 1a 62° va dén diém moc khac 1a 54°(Hinh 11). Tinh
khoang cach giita hai c6t moc nay.

1. Cho tam giac ABC. Biét a=49.4; b = 26.4; 3. Cho tam giac ABC céa=8,b=10,c=13.
C = 47°20" Tinh hai géc A4 , B vacanhe. @) Tam giac ABC c6 goc tu khong?

b) Tinh d6 dai trung tuyén 4M, dién tich

. tam giac va ban kinh duong tron ngoai tiép

¢=15.Tinhcacgoc 4 , B, C. tam giac do.

2. Cho tam giac ABC. Biét a =24, b = 13,

—

¢) Lay diém D doi ximg vdi 4 qua C. Tinh
do dai BD.

s



th

. Cho tam giac ABC ¢6 a =

. Cho tam giac ABC ¢6 A =120°,b=8,c=>5.

Tinh:

a) Canh avacacgoc B, C,

b) Dién tich tam giac ABC,

¢) Ban kinh dwong tron ngoai tiép va duong
cao AH cua tam giac.

. Cho hinh binh hanh ABCD.

a) Chitng minh 2(4B* + BC?) = AC* + BD*.
b) Cho4B=4,BC=5,BD="7.Tinh AC.
15, b = 20,
e= 25,

a) Tinh dién tich tam giac ABC.

b) Tinh ban kinh duong tron ngoai tiép tam
giac ABC.

. Cho tam giac ABC. Chimg minh rang:

R(f;s2 +b* +c?')

abe

cotd + cotB + cotC =

. Tinh khoang cach 4B giita hai ndc toa cao oc.

Cho biét khoang cach tir hai diém do dén
mot vé tinh vién thong lan luot 1a 370 km,
350 km va goc nhin tir vé tinh dén 4 va B
1a2,1°

Hinh 1

9. Hai chiéc tau thuy P va O cach nhau

300 m va thang hang véi chan B cta thap
hai ding 4B & trén bo bién (Hinh 2). Tix P
va O, nguoi ta nhin thay thap hai dang 4B
dudi cic goc BPA=35 va BOA= 48°.
Tinh chiéu cao ctia thap hai dang do.

A

A K35 48°
=P 300m o B
Hinh 2

10. Muén do chiéu cao ctia mot ngon thap, nguodi

ta lay hai di®m 4, B trén mat dat co khoang
cach AB = 12 m cung thang hang véi chan C
ctia thap dé dat hai giac ké. Chan ctia hai giac
ké c6 chicu cao la 2 = 1,2 m. Goi D la dinh
thap va hai diém 4,, B, cing thing hang véi
C, thuoc chiéu cao CD cua thap. Nguoi ta do
duge DAC, = 49°, DBC, =35°. Tinh chitu
cao CD cua thap.

D
49°A 35°
/: 5 B l,lim
X C 4 12m B
Hinh 3




Trong chuong V, chiing ta sé tim hiéu vé vecto va cac phép toan lién quan dén vecto nhu: tong va hiéu hai vecto,
tich ciia mét sé vdi mot vecto, tich vd hudng cta hai vecto. Chiing ta ciing sé hoc cach van dung cac phép toan vé
vectd vao viéc gidi toan ciing nhu trong cac hoat dong thuc tién va cac mon hoc ¢6 lién quan.

Trong mdt méy do van téc gié (Anemometer), @6 16n ciia vén tdc dugc do bang sd vong quay thiét bi hinh chao
va huéng gié dugc biéu dién béi hudng chia mii tén.

&) Hoc xong chuong nay, ban co thé:

- Nhan biét dugc khai niém vecta, vectd bang nhau, vecto-khéng. Biéu thi duoc
mot s6 dai lugng trong thuc tién bang vecto.
- Thuc hién dugc cac phép toan trén vectad (t6ng va hiéu hai vecto, tich cia mét
s6 vdi mot vecto) va mé ta dugc nhimng tinh chat hinh hoc (ba diém théng hang,
trung diém ctia doan thang, trong tdm clia tam giac, ..) bang vecto.
~Thuc hién dugc phép toan tinh tich vo hudng ctia hai vecta va mé ta dugc nhiing
tinh chat hinh hoc bang tich vo huéng.
- Strdung dugc vecto va cac phép toan trén vecto dé giai thich mét s6 hién tugng
c6 lién quan dén Vat li va Hoa hoc. Van dung dugc kién thiic vé vecto dé giai mot
s6 bai toan hinh hoc va mét s6 bai toéan lién quan dén thuc tién. )




Bai 1. Khai niém vecto

Tir khoa: Dai lwgng vo hudng; Dai lugng 6 hudng; Diém dau; Diém cudi; Ngon; Gia;
Do lon; Vecto doi.

@ Chiing ta can vecto dé biéu dién cac dai lugng c6 huéng.

A=

F’.

R —

1. Pinh nghia vecto

pi Trong th(“?ng bao: C6 mot con tau chd 500 tan hang tir .
cang A dén cang B cach nhau 500 km. e
Ban hay tim su khac biét gitta hai dai liwong sau:
— Khéi lwong ctia hang: 500 tan.
—Po dich chuyén cuia tau: 500 km tir 4 dén B.

Hinh 1

Dai luong vo hwdng la dai Iwong chi ¢6 do 1on. Vi du: khoi lwong, khoang cach, nhiét do, ...

Dai lwong co huong la dai lwong bao gfim ca do lon va huong. Vi du: do dich chuyén, lue,
van toc, gia toe, ...

Khi xac dinh mot dai lwong vo huong, ta chi can mo ta d6 1én cta no. Vi du: Hang trén tau
c6 khéi luong 500 tan.

Khi xac dinh mot dai lwong co huong, ta phai dé cap dén ca do lon va huong cia no. Vi du:
Con tau co do dich chuyén dai 500 km theo hudng tir 4 dén B.

O

a = . % s i
Vecto'1a mot doan thang co huong, nghia la dd chi ra diém dau va diém cuoi.




« Vecto ¢6 diém dau 4, diém cudi B duoc ki hidula 4B, doc la
vecto 4B (Hinh 2).

» Puong thang di qua hai diém 4 va B goi la gid cia vecto A4B.

* D0 dai ctia doan ﬂ]éngAB gol la d¢ dai cua vecto AB va duoc

ki hiéula [4B| Nhu vay ta co: |4B| = 4B.

@
@

Chua y: Mot vecto khi khong can chi 16 diém dau va diém cuoi

- A - A CT Y S L S
cothe vietla a, b, X, y,...

Vidu 1

Cho tam giac déuABC c6 canh biang 2 (Hinh 4). Goi H
la trung diém cta doan thang BC.

. - R A - R A - . ~ - > -
Tim diem dau, diem cuoi, gia va do dai cia cac vecto:
CA, AH , BH .

Giai

H
Hinh 4

Vecto CA co diém daula C, didm cudi 1a 4 va co gia la duong thing AC.

Vecto AH c6 diém daula 4, diém cudi la H va co gia 1a duong thing AH.

Vecto BH c6 diém daula B, diém cudi 1a H va c6 gia la duong thing BH.

Taco: CA =2,BH =1, AH = AC*—-CH* =+/4-1 =3.

Suy ra |64|:2, |B_H|:1, Lﬁlzﬁ

Tim diém daw, diém cudi, gia va do dai cia cac vecto ﬁ, @, HA trong Vidu 1.

Cho hinh vuéng ABCD cé canh bing g hai

duodng chéo cat nhau tai O (Hinh 5). Tim d6 dai cia
cac vecto AC, BD, OA, AO.

> &

Hinh 5




2. Hai vecto cung phuong, cung huéng

Q Ban c6 nhédn xét gi vé gia cta cac cip vecto AB va CD, JF‘_Q va RS trong Hinh 6?

A B q D

- e

E \‘Q R

Hinh 6

Hai vecto dwoc goi 1a ciing phwong néu gia cia ching song song hodc tring nhau.

Vidu 2
Tim cac vecto cung phuong trong Hinh 6.

Gidi
Trong Hinh 6, 4B va cD cung phuong vi ¢o gia trung nhau, P_Q va RS cung phuong
vi cO gla song song.
Cha y: Trong Hinh 6, hai vecto AB va CD cung phuong va co cung huong di tir trai sang
phai. Ta noi AB va CD 14 hai vecto ciing hirong. Hai vecto P_Q va RS cung phuong
nhung co huong ngwroe nhau. Ta noi hai vecto P_Q va RS 14 hai vecto ngiro'c hirong.
Nhan xét: Hai vecto cung phwong chi ¢6 the ctng hwéng hoéc nguoc hudng.
Vidu 3
Tim cac luc nguoc hudng trong s6 cac luc tac dong vao may bay trong Hinh 7.

i A

d

E)‘ Y
Hinh 7

Gidai

Quan sat hinh 7, ta thay lwc nang # nguoc hudng véi trong luc P:luccanc ngroc hudng
vai e dﬁy c? ;

< T



Ly

93 Quan sat Hinh 8 va goi tén céac vecto:

a) Cung phuwong voi vecto X —a 5 p -

b) Cung huong voi vecto a;

¢) Nguoc huong voi vecto i . y .

X . . w
Hinh 8
Nhdn xét: Ba diém phan biété B, C thang hang khi P 4 o
va chi khi hai vecto 4B va AC cing phuong. -
Hinh 9

That vy, ta thay néu ba diém 4, B, C thing hang thi hai vecto 4B va AC c6 gia tring nhau
nén ching cing phuwong. Nguoc lai, néu hai vecto 4B va AC cung phuong thi hai duong
thang 4B va AC phai song song hodc tring nhau, hon nita hai duong thang nay lai c6 chung
diém 4 nén chung phai tring nhau. Vay ba diém 4, B, C thang hang.
94 Khéng dinh sau ding hay sai? Hay giai thich.
Néu ba diém phan biét 4, B, C thing hang thi hai vecto AB va AC cung huong.

3. Vecto bang nhau — Vecto déi nhau " B
Q Cho hinh binh hanh 4BCD (Hinh 10), hiy so sanh

do dai va huong cua hai vecto: N

a)ITB va R‘.; b)Evé CB. P Hinh 10 e

Hai vecto @ va b duoc goi la bcing nhau
néu chung cung huong va co cung do dai,
ki hidu a@=b.

Hai vecto @ va b duoc goi la déi nhau
néu ching ngwoc hudng va cé cung do dai,
ki hidu @ =—-b . Khi do, vecto b duoc goi
1a vecto déi cia vecto a.

=
I

el
)

a) b)
Hinh 11

Chuay:
a) Cho vecto a va diém O, ta luon tim dwoc mot diém 4 duy nhat - .
sao cho O4 =a . Khi do6 do dai cua vecto a la do dai doan OA, /

ki hiéu la |al. 0/

b) Cho doan thang MN, ta ludn co NM = —-MN . Hinh 12



Vidu 4
a) Tim trong Hinh 10 hai c¢ip vecto bing nhau va hai cap vecto d6i nhau.
b) Cho diém O 14 trung diém ctia doan thing 4B. Tim hai vecto d6i nhau.

Gidi
a) Trong Hinh 10, ta co: EZIT, Eq:@, it o B
4D --CB, Di--4D.
Hinh 13
b) Ta ¢c6 O4 =-OB (Hinh 13).
@5 Cho D, E, F lan luot 1a trung diém ctia cac canh BC, 4
CA, AB cia tam giac ABC (Hinh 14).
5 —_ F E
a) Tim cac vecto bang vecto EF .
b) Tim cac vecto doi ciia vecto EC.
B D (84
Hinh 14

4. Vecto-khéng
Ta biét 1‘%'1ng mai vecto hoan toan duwoc xac dinh khi biét diém dau va diém cudi cia né.
Vi mot didm 4 bat ki, ta quy uoc ¢6 mot vecto dac biét ma diém dau va diém cudi déula 4.

Vecto d6 duoc ki hicu la 44 va goi la vecto-khong (6 gach noi giita hai tir).

0
= : . =
Vecto co diem dau va diém cuoi tring nhau goi 1a vecto-khéng, ki hiéu la 0.

Chuy:

— Quy ude vecto-khéng ¢ do dai bang 0.

— Vecto-khong luon cung phuong, cung hudng vor maoi vecto.

— Mot vecto-khong déu b%'mg nhau: 0= A4= BB=CC=.. véi moi diém 4, B, C, ...
— Vecto dbi cia vecto-khéng 1a chinh no.

Vidu5s

Cho doan thazmg EF co6 do dai b%'mg 2 va nhan M la trung diém.

a) Tim vecto-khong trong so cac vecto: EF , EE, EM , MM , FF.

b) Dung ki hidu 0 d& biéu dién cac vecto-khong do.




Gidi
a) Ta co cac vecto EE, MM , FF c¢6 diém dau va diém cudi trung nhau nén chung la
vecto-khong.
b) Ta viét 0 = EE = FF = MM .

i

Qﬁ Tim do dai cua cac vecto E_P", E, E—M,W, FF trong Vi du 5.

BAI TAP

1. a) Ban hay tim su khac biét gitta hai dai lvong sau:

— Bac Ba ¢ s6 tién 14 20 tridu déng.

— Mot con béo di chuyén véi van toe 20 km/h theo hudng dong bic.
b) Trong cac dai lwong sau, dai lugng nao can duoc bicu dién béi vecto?
Gia tién, luc, thé tich, tudi, dé dich chuyén, van toc.

2. Cho hinh thang ABCD co hai canh day la AB va DC (Hinh 15).

A B
Diém M nam trén doan DC.
a) Goi tén cac vecto cting hudng voi vecto 4B.
b) Goi tén cac vecto nguge hudng vol vecto DM . D M c
: Hinh 15
3. Cho hinh vuong ABCD co tam O va c¢o canh bang a (Hinh 16).
a2 A B
a) Tim trong hinh hai vecto bang nhau va c6 do dai bing —
b) Tim trong hinh hai vecto d6i nhau va cé do dai bing a2 . 2
4. Cho tt giac ABCD. Chiig minh rang tir giac d61a hinh binh hanh 3 &
khi va chi khi 4B = DC. Hinh 16
5. Hay chi ra cac cap vecto cung hudng, nguoc hudng, bang nhau trong Hinh 17.
j; I
a
b v
=1 X

Hinh 17



6. Goi O la tam hinh luc giac déu 4BCDEF.
a) Tim cac vecto khac vecto 0 va cting hudng véi vecto OA.

b) Tim cac vecto bang vecto AB .

7. Tim cac Iue cung hwdéng va nguoc hudng trong s6 cac luc day dwoc biéu didn biang cac vecto
trong Hinh 18.

e

Ban c6 biét?

Vii diéu loai ong hay diéu nhay lhic lde 1a mot vii didu dic biét hinh s6 8 clia ong mat.
Nhitng con ong d tim duge nguon thiic an thanh cong s& thue hién vii diéu nay d2 chia sé

thong tin cho cac thanh vién khac trong to. Thong tin do la mot vecto OM chi do dich
chuyén tir to dén noi c6 hoa.

— Tia OM phan déi duong s6 8 trong vii diéu chi hwéng cua vecto.
— Thoi gian mia sé& ti 18 thuan véi do 16n cia vecto (khoang cach tir td dén noi ¢6 hoa).
Nhu vay c6 thé néi loai ong ciing biét biéu dién vecto thong qua mot diéu mia.

(Nguon: https://en.wikipedia.org/wiki/Round_dance honey bee)

87




ai 2. Tong va hiéu cta hai vecto

Tir khod: Tong chia hai vecto; Hiéu ctia hai vecto; Quy tac ba diém; Quy tac hinh binh hanh.

Mét kién hang dugc van chuyén tir diém A dén diém B ri lai dugc van chuyén tir diém B
dén diém C. Tim vecto biéu dién tong cia hai dé dich chuyén: AB +BC .

1. Téng cta hai vecto
ﬂ’l M6t 16 bét thuc hién lién tiép hai chuyén déng c6 J@‘*-» C
do dich chuyen 1an luot duoc biéu dién béi hai vecto ﬁ'
AB va BC (Hinh 1). Tim vecto biéu dién d6 dich
chuyén ctia r6 bot sau hai chuyen dong trén. ;f' 5
n
a4 L ’ "
Cho hai vecto @ va b. Tir mét diem A tuy v, lay hai A o c
diémB,CsaochoEza', BC =b. Khi d6 AC duoc a i
goi 1a téng ciia hai vecto a, b va duoc ki hidu la a B 5
a+b. Hinh 2

Vay d+b=AB+BC = AC.
Phép toan tim tong ctia hai vecto con duoc goi 1a phép céng vecto.
Ttr dinh nghia tng ctia hai vecto, ta suy ra quy tic cong vecto sau day:
Quy tac ba diém M
0
= - o —t e e
Vi ba diém M, N, P, ta cd: MN + NP = MP.

N Hinh 3
Cha y: Khi cong hai vecto theo quy tac ba diém, diém cudi cia vecto thit nhat phai 1a
diém dau ctia vecto thit hai.

s



Vidu 1
Cho cac diém E, F, G, H, K. Thuc hién cac phép cong vecto:

EF + FH, FK +KG, EH + HE.

Gidi
Ap dung quy tic ba diém, ta co:
EF +FH=FEH, FK+KG=FG, EH+HE=EE=0.

B ¥
Q Cho hinh binh hanh ABCD (Hinh 4). 1 /71
i om ey e g b | et | K
Chimg minh rang AB+AD = AC. / = /
3 , A D
Tur t tac cd to sau day:
9, a suy ra quy tac cong vecto sau day. T
: (guv tac hinh binh hanh o 4
0:
= & S— A—— S
Neéu OA4BC la hinh binh hanh thi ta co 04 +OC = OB.
c B
Hinh 5
Vidu 2
Tim tong cua hai vecto @ va b trong Hinh 6. ﬁl JC—
/
Gidi s / /
e [ e "
Tacd: a=AB,b=AD, suyra a+b = AB + AD. __D a
b
Theo quy tic hinh binh hanh, ta c6 AB + 4D = AC. Hinh 6

Vay G+bh=AC.

Chui y: Dé ap dung quy tac hinh binh hanh, ta can dua bai toan tim tong hai vecto vé bai
toan tim tong cta hai vecto ¢ chung diém dau.

gl Chohinh thang ABCD céhai canh day1a4BvaDC. Chobiét G= AC + CB, b = DB+ BC.

Chtmg minh hai vecto @ va b cing hudng.

@2 Cho tam giac déuABC c¢6 canh bé'mg a. Tim do dai ctia vecto AB+AC.




30 km/h

@ M6t may bay cé vecto van toc chi theo hudng béc, van toc gid 1a 0
mot vecto theo huéng déng nhw Hinh 7. Tinh do dai vecto tong -
cua hai vecto noi1 trén. E
@
Hinh 7

2. Tinh chat ctia phép céng céc vecto

Hai nguoi cting kéo mét con thuyén véi hai luc
F =04, F, =OB ¢6d516n lanluot 1a 400 N,
600 N (Hinh 8). Cho biét goc gifta hai vecto 1a
60°. Tim d6 16n ctia vecto hop luc F la tong

cua hai lyc F, va F,.

) = Z = ‘\‘H“"""‘g
402 Cho ba vecto a, b, ¢ duoc bieu dién nhw e ‘""‘\'7{
Hinh 9. Hay hoan thanh cac phép cong a ap N
vecto sau va so sanh cac két qua tim duoc: / B /L N\
‘—’,-' a/ “‘\&
a) d+b =AB+ BC = }¥; A““"---..._;________H D
b+a=AE+EC= 4 £
Hinh 9

b) (@+b)+¢=(4B+BC)+CD=AC+cD=]lk
G+(b+%)=AB+(BC+CD)=AB+BD -

Phép cong vecto co cac tinh chat sau:

« Vo1 mol vecto @, taludnco: a +0=0+

« Tinh chét giao hoan: a+b =b +a;
« Tinh cht kéthop: (a+5)+é=a+(b+&);

— 7

2l

Chi y: Tir tinh chat két hop, ta co thé xac dinh duoc tong ctia ba vecto a@, b, ¢, ki hiéu

lag+b+cvéida+b+¢=(G+b)+¢c.

Vidu3
Cho t1it giac ABCD. Thuc hién cac phép cong vecto sau:
a) (4B+C4)+BC; b) AB+CD+BC+DA.



Gidi
Ap dung tinh chat giao hoan va két hop ciia phép cong vecto, ta co:

a) (4B +C4)+BC =(C4+4B)+BC =CB+BC =CC =0.

b) AB+CD+BC+DA=AB+BC+CD+DA=AA=0.

QB Cho hinh vuong ABCD c6 canh bé'mg 1. Tinh d6 dai cta cac vecto saw:

a) a=(AC+BD)+CB; b) @=AB+AD+BC+DA.

Chiy: Chovecto tuy y d= AB. =
Ta co a+(—a):E+E:EA:6. 4 Hinh 10
Téng hai vecto déi nhau luén béng vecto-khéng: a+(-a)= 0

3. Hiéu cta hai vecto

Q Tim hop luc cua hai lye d6i nhau F va —F (Hinh 11).

€

3
Cho hai vecto a va b. Hiéu ciia hai vecto' a va b 1a vecto

G+(-b) vakihidu a—b .

Hinh 12

Phép toan tim hiéu cua hai vecto con dwoc goi la phép trir vecto.
Vidu 4

Cho cac diém M, N, P, Q. Thuc hién cac phép trir vecto sau: MN — PN, PM — _Q
Gidi

Ta co:

MN —PN =MN+ NP =MP ;

PM —PO =PM +0OP =QP+PM =0OM .
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Chuy:
Cho ba diém O, 4, B, ta co: OB —OA = 4B.
o
: Hinh 13
Cho hinh vuéng ABCD ¢6 canh bang 1 va mot diém O tuy v.
Tinh do dai cia cac vecto sau:
a) @=0B-0D; b) b =(OC -0A)+(DB-DC).

4. Tinh chdt vecto clia trung diém doan théng va trong tam tam gidc

8

a) Cho diém M la trung diém ctia doan thing 4AB. Ta d4 biét MB = -MA = AM .

Hoan thanh phép cong vecto sau: MA +MB = MA + AM = MM :..
A " M . B

. e
] 7 L4 Fol

Hinh 14

b) Cho diém G la trong tAm cta tam giac ABC co

trung tuyenAZ Lay D la diem doi xuing voi G qua J.

Ta c6 BGCD la hinh binh hanh va G la trung diém v /

ctia doan thing 4D. Véi luu y rang GB+GC = GD [ n\

va GA = DG, hoan thanh phép cong vecto sau: —B—é y §
/-“

Hinh 15

T

JAARN

GA+GB+GC =GA+GD=D6+Gb=DD-H

Nguoi ta chimg minh duoc cac tinh chat:

0

Piém M la trung diém ctia doan thing 4B khi va chi khi MA+MB =0.

Piém G la trong tam ctia tam giac ABC khi va chi khi GA+GB+GC =0.

Vidu5
Cho ¥ giac ABCD ¢4 I, J1an luot 1a trung diém ciia AB, CD va O la trung diém ctia IJ.

—_— —_— —_— — —

Chung minh OA4A+ OB +0OC +0D = 0.
Gidi
Do I J, O lan luot 1a trung diém ctia AB, CD va I/ nén:
H+IB=0;,JC+JD=0; Ol +OJ =0.
Ta c6: OA+ OB +OC +OD = (OI + I4) +(OI + IB) +(OJ + JC)+ (OJ + JD)
= (OI+0J)+(IA+ IB)+(OI + OJ)+ (JC + JD)
= 0.



@5 Cho hinh binh hanh ABCD ¢6 tam O. Tim ba diém M, N, P thoa man:

a) MA+MD +MB =0, b) ND+NB+NC=0, ¢) PM+PN=0.

BAI TAP

1. Cho hinh binh hanh ABCD c¢6 O la giao diém hai duong chéo va mét diém M tuy y. Clumg
minh réng:

a) BA+DC =0 b) MA+MC =MB+MD.

2. Cho tit giac ABCD, thure hién cac phép cong va tru vecto sau:
a) AB+BC+CD+ DA, b) AB—AD; ¢) CB—CD.
3. Cho tam giac déuABC canh b%'m,g a. Tinh d6 dai cia cac vecto:
a) BA+AC, b) AB+AC; ¢) BA-BC.
4. Cho hinh binh hanh ABCD ¢6 O 14 giao diém hai duong chéo. Chiing minh rang:
2) OA—OF = OD—0C: b) Od-OB + DC =0

. Chobaluc F, =MA, F, =MB va F, = MC cung tac dong vao mot vét tai diém M va vat dimg

tn

yén. Cho biét cuong do ctia F,, F, déula 10 N'va AMB =90°. Tim 6 16n ciia luc F,.

6. Khi may bay nghiéng canh mot géc o, luc F cla khong
khi tac déng vudng goc véi canh va bang tong cia luc
ning F, valuc can F, (Hinh 16). Cho biét o =30° va

|F_|:a. Tinh |P_'1| va 1?'2 theo a.

7. Chohinh vuéng ABCD c6 canhbang avaba diém G, H, K thoa Hinh16 ™~ _
mian: KA+KC =0, GA+GB+GC =0, HA+HD + HC =0. |
Tinh d6 dai cac vecto KA, GH , AG . @

8. Mot con tau cé vecto van toc chi theo hudng nam, van toc
ctua dong nudc la mot vecto theo hudng dong nhw Hinh 17. \
Tinh do dai vecto téng ctia hai vecto noi trén.

30 km/h

10 kivh
Hinh 17

2 T



Bai 3. Tich cia mét s6 véi mét vecto

Tir khoa: Tich ctia mét s6 véi mot vecto; Tich cia mét vecto véi mot so;
Diéu kién ciing phuong ciia hai vecto.

" XeB di cling hudng véixe A va 6 téc d6 gap 2 1dn xe A.
Xe C di ngugc hudng voi xe A va cd toc do gap 2 lan xe A.

1. Tich ctila mét sé véi mét vecto va cac tinh chat

Q Cho vecto a. Hay xac dinh do dai va huong cua hai

vecto: a+a, (-a)+(—a) (Hinh 1). A B &
a a
He B D
—-a | —a

. @ Hinh 1
- = L] ’ . ’

Cho s0 k khéac 0 va vecto a khac 0. Tich cua so k voi vecto a la mot vecto, ki hiéu

la ka.

Vecto k& cung hudng véi a néu k > 0, nguoc hudng véi @ néu k < 0 va cé do dai

bang |&].lal.

Ta quy uwdc 04 =0 va k0=0.

Nguroi ta con goi tich mot s6 vOi mot vecto 1a tich ciia mét vecto véi mét sé.
Vidu 1
Cho tam giac ABC co M, N'lan luot 14 trung diém cac canh A

AB. AC (Hinh 2). Tim trong hinh céc vecto bing:
2MN; ~~ AB; - 2CN.

Gidai

Ta co: Mzﬁ;—%@:m:m;_zmzﬁ_ Hinh 2



Ciing nhu phép nhan va phép cong cac s6 thue, ngudi ta chimg minh duoc cac phép toan trén
vecto ¢6 cac tinh chat sau:

€

Vo1 hai vecto a va b bat ki, voi moi so thuce 4 va k, ta co:

k(@+b)=ka+kb; (h+k)a=ha+ka; h(kd) =(hk)a;
L&=d; (ll@a-a

Vidu 2

Thuc hién cac phep toan vecto sau:

a) 5(i+v), b) (x+2)a; c) —3(4é), d) ¢-2¢.

Gidi

a) 5(+v)=51u+5V; b) (x+2)d =xd+2a;

c) —3(4¢)=(-3.4)e =-12¢, De—~2e={1-2)¢" ==l € ==

Vidu3

Cho doan thang 4B va mot diém M tuy y. Chiing minh /14 trung diém cta doan thing
AB khi va chi khi M4+ MB = 2MI.
Gidi
Taco MA+MB =2MI <M+ HA+Mi + 1B =2MI
& OMI+ A+ IB=2M]
&S IHU+IB=0
& Ila trung diém cia doan thang AB.

@1 Cho hai vecto @, b va mét diém M nhu Hinh 3.
a) Hay v& cac vecto MN =34, MP = -3b.

2

h J

b) Cho biét mdi 6 vuéng cé canh bang 1. Z
Tinh: |35|, |—35|, |2a a4 25|_

@2 Cho tam giac A4BC. Chung minh G la
trong tam cua tam giac ABC khi va chi khi Hinh 3

MA +MB +MC =3MG.

M6t con tau chd hang 4 dang di vé& hudng tay véi toc do }
20 hai li/gio. Cung luc do, mét con tau chd khach B &—»
dang di vé& hudng dong vai téc do 50 hai li/gid. Biéu
dién vecto van toc b ctia thu B theo vecto van toc a b
clia tau 4. Hinh 4




2. Piéu kién dé hai vecto cung phuong

2

b . So sanh d6 dai va

pZ Cho hai vecto d@ va b cung phuong, b khac 0 vacho ¢ =

S

huodng cta hai vecto @ va ¢ .

0
=

Hai vecto a va b (f; khac 6) cting phwong khi va chi khi ¢6 s6 k sao cho @ =kb.

Nhan xét:
Ba diém phan biét 4, B, C thing hang khi va chi khi 4| 2B B BC|c
¢ 56 k khac 0 8 AB=kAC. ad
Vidu 4 Hinh 5
Cho tam giac 4ABC ¢ trung tuyén 4AM. Goi I 1a 4
trung diém cua AM va K 1a diém trén canh AC
1 K
sao cho AK ==AC.
3 T
a) Tinh BI theo BA, BC.
b) Tinh BK theo B4, BC. / = 5
¢) Chimg minh ba diém B, 7, K thing hang. Hinh 6
Gidi
a)EI:E+E:§4+EA—M:§4+%(B——§4):%B_A+%E. (1)
b)ET{:B_AJFA—K:B_A+%R:FA+%(B——B_A):%E4+%@. ®
¢)Tacod: (1)= 4Bl = 2BA+BC
(2) = 3BK =2BA+ BC
TR
nén B] = ZBK. (3)

T (3) ta suy ra ba diem B, I, K thang hang.

Chu y: Cho hai vecto a va b khong cing phwong. Vi moi vecto ¢ ludn ton tai duy
nhat cip s6 thuc (m; n) sao cho ¢ = md+nb.

% Cho tit giac ABCD ¢6 I'va Jlan luot 14 trung diém ctia 4B va CD. Cho diém G thoa man
GA+GB+GC +GD = 0. Chung minh ba diém , G, J théang hang.

96



1. Cho hmh binh hanh ABCD ¢6 O la giao diém hai duong chéo. Vi M 1a diém tuy v, ching
minh rang:
a) MA+MB +MC +MD = 4MO; b) AB+AC+AD =2AC.

2. Cho tit giac ABCD. Goi M va Nlan luot 14 trung diém cac canh AB va CD. Chimg minh rang;
a) AC+BD=2MN, b) AC+BD=BC+ AD.

3. Cho hai diém phan biét 4 va B. Xac dinh diém M sao cho MA+4MB=0.
4. Cho tir giac ABCD. Go1 E, F, G lan luot 1a trung diém cua cac doan thang 4B, CD, EF.
Lay diém M tuy v, ching minh rang MA+MB+MC +MD = 4MG .

5. May bay 4 dang bay vé hudng déng bic véi toe do 7
- 4 B

600 km/h. Cung Iuc d6, may bay B dang bay vé hudng Bic 4

tay nam voi toc do 800 km/h. Biéu dién vecto van toc b Ax ¥
clia may bay B theo vecto van toc @ clia may bay 4. Tay =iy Done
6. Cho hai diém phan biét 4 va B. Nam 2
a) Xac dinh diém O sao cho OA4+30B = 0.
Hinh 7

b) Ching minh rang véi moi diém M, ta ¢6 MA+3MB = 4MO.

7. Cho tam giac ABC.
: i ~ N | g B __
a) Xac dinh cac diem M, N, P thoa man: MB = EBC’ AN =3NB, CP = PA.

b) Biéu thi méi vecto MN, MP theo hai vecto BC, BA
¢) Chimg minh ba diém M, N, P thang hang.

Bai 4. Tich vo hudng cua hai vecto

Titkhoa: Goc giifa hai vecto; Tich vo hudng clia hai vecto.

@ Tacdung mét luc F vao mét vat va lam cho vét @ dich chuyén theo vecto d thisésinh
ra mot cong 14 A dugc tinh theo cong thite: A=|F|.ld.cos6, trong d6 61a goc giita hai
vecto F vad.

aclflldlcose |




1. Géc gitra hai vecto A B

g "51 Cho hinh vuéng 4BCD ¢6 tam I (Hinh 1).
a) Tinh IDC.
b) Tim hai vecto cing c6 diém dau 1a D va diém cubi lan
lwotla Iva C.

; s s D
¢) Tim hai vecto cing ¢é diém dau 1a D va lan luot bang Hinh 1
vecto 1B va AB.

Cho hai vecto d va b déukhac 0. Ti mot diem O
batkitavé OA=d, OB=b.

Goc AOB v6i s6 do tir 0° dén 180° dwoc gol la goc
gitka hai vecto a va b.

Ta ki hiéu géc giita hai vecto @ va b la (@,b).

Néu (G, b) = 90° thi ta néi rang @ va b vudng goc

vdinhau, ki hidula @ L b .

Chuy:

— Tt dinh nghia ta ¢6 (@, b) = (b, @).

— Goc giita hai vecto cung hurong va khac 0 ludn béng 0°.

— Goc giita hai vecto ngwoc hudng va khac 0 luén bang 180°,
—(Trong truong hop c6 it nhat mot trong hairvectot a hoic b 1a vecto 0 thi ta quy wdc
s0 do goc giita hai vecto do la tuy y (tit 0° den 180°).

a b ¢

L L
- F

Ul

A
4

(@,b)=0° (¢, d)=180°
Hinh 3
Vidu 1 A B

Cho hinh vuéng ABCD c6 tam I1a giao diém ctia hai duong chéo.

Tim cac goc:

—_— —

a) (IB, 4B), b) (B, 4l); o) (B, DB); d(H,IC)

Giai
Hinh 4

—t

a) Ta co: DI = E, DC :E, suy ra (E, AB

——

:(Er, zf) = IDC = 45°.
98



b) Ta co: IC = AI, suy ra (E, E):(E, E):E}E‘:%“.
¢) Do hai vecto IB, DB cung hudng nén ta c6 (E, ﬁ) =07

d) Do hai vecto 4, IC nguoc huong nén ta co (L_f-l, E) =180°.

@1 Cho tam giac dBuABC c¢6 H 14 trung diém ctia canh BC. Tim cac goc:
(4B, 4¢), (4B, BT), (48, BT), (B, BC), (7B, BC)

2. Tich vé huwéng cia hai vecto

Q M6t nguoi ding mét Iuc F ¢6 cuong dé 10 N
kéo mot chiec xe di quang duong dai 100 m.
Tinh cong sinh béi luc 7, biét ring géc giita
vecto F va huong di chuyéen la 45°. (Céng A
(don vi: J) béz"ng tich cua ba dai lirong: cuong do

cualuc F, do dai quang dirong va césin ciia goc

giita hai vecto F va dé dich chuyén ;f')

Cho hai vecto @ va b déukhac 0.
Tich vo hwong cia a va bla mot sé, ki hidula a.b, dwoc xac dinh béi cong thue:

Ei.!;:|a'|.|5|.cos(a',5).

Chay:

a) Truong hop it nhat mot trong hai vecto @ va b béng 0, ta quy wdc a@.b = 0.

b) V&i @ va b déukhac 0,taco a lb < a.b=0.

¢)Khi G = b thi tich vo hudng a.b duoc ki hidula a° va duoc goi 1a binh phirong vé hiréng
cua vecto a.

Tacéd a* =|al.|lal.cos0° = |.f'1|2 Vay binh phwrong vo hirdng cia mot vecto luon b%'mg binh

phuong do dai cua vecto do.

Vidu2

Cho tam giac dBuABC co canh bang 4 va c6 duong cao 4H. Tinh cac tich vo hudng;
a) AB.AC, b) 4B.BC, c) AH .BC.

oo T



Gidi
a)E.EZlEHRl.COS(E,I):4.4.00560°:16.%:8;
b)E.%:IEI.IB_CI.COS(E,19_):4.4.cos120°:16.[—%]:—8;
¢) AH .BC =|4H] |BC.cos(4H, BC)=|4H] |BC.cos90° = 0.

Chii y: Trong Vit li, tich v huéng ctia F va d bidu difn céng A sinh béi lye F khi thue
hién do dich chuyén d Tacod cong thic: 4= F . d

QZ Cho tam giac 4BC vudng can tai 4, c6 canh huyén bang NoB
Tinh céc tich v6 huéng: 4B.AC, AC.BC, BA.BC .

Q?’ Hai vecto @ va b ¢ d6 dai 1an luot 1a 3 va 8 va c6 tich vé huong la 12\/5 . Tinh goc
gilta hai vecto a va b.

Mot nguotr dung mot Iye F co do lonla 20 N kéo mot vat dich chuyén mot doan 50 m

cling huéng véi F . Tinh cong sinh béi luc F.

3. Tinh chdét cta tich vé huéng
Nguoi ta chimg minh dige cac tinh chat sau day cta tich vo irdng:

€

=
Vi ba vecto d, b, ¢ bat ki va moi s0 £, ta co:

=i a.(b+c)=a.b+a.c, (ka).b=k(a.b)=al(kb).

2

Vidu 3
( . = -2 2 7
Ap dung cac tinh chat ctia tich vo huéng, ching minhring: (G+5) = a*+2a.b +b°.

Gidi
Taco: (a+b) = (G+b).(G+b)=d.a+a.b+b.a+b.b
=al+a.b+a.b+b =a*+2a.b+5*

-

Vay (G+b) =a*+2ab+b>

Nhdan xét: Chung minh twong tu, ta cling co:
(a-5) =a*-2ab+5* (a+b)(a-b)=a-b*.

100



Vidu 4
Cho tam giac ABC. Tinh canh 4B theo hai canh con lai va goc C.
Gidi
e i —_—X i iy Ry ey
Ta ¢6 AB*=AB = (CB—CA) —CB +CA —2CB.CA=CB*+CA4*-2CB.CA.cosC
hay ¢2= a? + b? - 2bccosC.

in Cho hai vecto 7, j vuéng goc, cting cé do dai bang 1.
a) Tinh: (P + /)% (G- )% G+ J).G - )
b)Cho @=27+2], b =37 —3;. Tinh tich vé huong a.5 va tinhgéc (a,5).

%’*Z Phan it sulfur dioxide (SO,) ¢6 céu tao hinh chit V, géc lién két OSO gin bing 120°
Nguoi ta biéu dién si phan cure gitta nguyén tit S véi mdi nguyén tit O bang cac vecto [i,
va [, co cung phuong vdi lién két cong hoa tri, ¢6 chiéu tir nguyén ti S vé mdi nguyén
tit O va cting ¢6 d6 dai 1a 1,6 don vi (Hinh 6). Cho biét vecto tong ji = [i, + [i, durgc diing
de bicu dién su phan cyc cua ca phan tit SO,. Tinh d6 dai cta H.

BAI TAP

1. Cho hinh vuéng ABCD c6 canh bang a. Tinh cac tich v hudng:

AB.AD, AB AC, AC.CB, AC.BD.
2. Cho hinh chit nhat ABCD co tam O va cho AD = a, AB = 2a. Tinh:
a) AB.AO b) AB.AD.
3. Cho ba diém O, 4, B théng hang va O4 = a, OB = b. Tinh tich v hwéng OA.OB trong hai
treong hop:
a) Biém O nam ngoai doan thing 4B;  b) Piém O nam trong doan thing 4B.
4. Cho doan thing 4B c¢6 O 1a trung diém va cho diém M tuy v. Chiing minh rang:
MA MB = MO* - 04,
. Mot nguol dung mot luc F ¢6 dd16nla 90 N lam mét vat dich chuyén mot doan 100 m. Biét
luc 7 hop vai hwdng dich chuyén mot goe 60°. Tinh cong sinh béi lwc F.

n

6. Cho hai vecto c6 d6 dai lan luot 1a 3 va 4 va c¢6 tich vo hudng 1a —6. Tinh goc giita hai
vecto do. 101




- 2

Ban c6 biét?
Tai sao mudi va mét sé virus dugc goi la nhing vecto?

Ta d biét vecto AB co hudng tir 4 dén B. Trong Sinh hoc, vecto dimg d2 chi sinh vét truyén
bénh tir d6i twong A4 sang doi twong B. Vi du mudi 1a mét vecto ctia bénh sot xuat huyét.
Vacxin vecto stt dung virus hodc vi khuan di duoc lam giam doc luc dé dua DNA vao
trong té bao co thé nguoi. Tir “vecto” la d& am chi cac virus hodc vi khuan déng vai tro
vat chu.

Trong tu nhién, cac virus bam vao té bao va dua vat chat di truyén

ctia chiing vao trong té bao. Trong phong thi nghiém, cac nha khoa \

hoc da “loi dung™ qua trinh nay d? bao ché vacxin. Cu thé, cac nha Y

khoa hoc da timra cach chen them doan vat chat di truyen cua vi sinh Y N \%\
vat khac vao doan gen cta virus vo hai. Sau do, virus s€ mang DNA ._ \?
téi cac té bao trong co thé. L' N

Vacxin vecto tai t6 hop mo phéng qua trinh nhiém tring tir nhién,
do d6 c¢6 kha ning kich thich hé mién dich rat hidu qua.

(Nguon: hitps://en.wikipedia.org/wiki/Viral_vector)
< -

1. Cho ba vecto @, b, ¢ deu khac vecto 0. - C]ilo S— AB(?D Ci) C?I_lh(béng aVa,60
goc A bang 60°. Tim do dai cac vecto sau:

Céckhéngdinhsaudﬁnghaysai? = I —
p=AB+AD;ii=AB-AD, v =24B- AC.

a) Néu hai vecto a, b cung phuong vaoi ¢
thi @ va b ctng phuong. 4. Cho hinh binh hanh 4BCD. Hai diém M
b) Néu hai vecto @, b cing nguoc hudng va N 1511'1 luot la trung__diéniﬁa BCva4D.
véi & thi @ v B clmg hudng. V& diem E sao cho CE = AN (Hinh 1).
2. Cho hinh chit nhiat ABCD ¢6 O 1a giao diém | M__C =
cua hai duong chéo va AB = a, BC =3a.
a) Tinh do dai ctia cac vecto AC, BD.
b) Tim trong hinh cac cip vecto doi nhau

aJl_O 4 N D
y

va co do dai bang

Hinh 1



th

a) Tim tong cia cac vecto NC va MC,
AM va @; AD va NC.
b) Tim cac vecto hiéu:

NC-MC;, AC - BC, AB-ME.
¢) Chimg minh AM + AN = AB + AD.

. Cho a, b 1a hai vecto khac vecto 0. Trong

trrong hop nao thi dang thirc sau dung?
a) |ﬁ+5|:|&|+|g|;

b) |a+5|:|a—5|.

. Cho |a:+5|: 0. So sanh do dai, phwong va

huoéng ctia hai vecto G va b.

. Cho bén diém A, B, C, D. Chimg minh

1ang AB=CD khi va chi khi trung diém
cua hai doan thang 4D va BC tring nhau.

. Cho tam giac ABC. Bén ngoai tam giac vé

cac hinh binh hanh ABLJ, BCPO. CARS.
Chiing minh rang RJ + 10 +PS = 0.

. Mot chiéc may bay dugc biét 1a dang bay

vé phia bac vdi toc do 45 m/s, mac du
van tdc clia nd so voi mat dat 1a 38 m/s
theo hudng nghiéng mot géc 20° vé phia
tay bac (Hinh 2). Tinh toc dé cua gio.

Vv, + ¥,

=

[=]

\ L%
g et i WL i

Hinh 2

10. Cho tam giac déu ABC ¢6 O la trong tam

vaM1a mot diém tuy ¥ trong tam giac. Goi
D, E, F lan luot 1a chan duong vuéng goc
ha tit M dén BC, AC, AB. Chung minh ring

m+m+m:%m.

11. Mot xe goong duge keo bot mot Iuc F
co d6 1on 1a 50 N, di chuyen theo quing

duong tir4 dén B c6 chiéu dai 200 m. Cho
biét goc gitta F va 4B 1a30°va F duoc
phan tich thanh hai Iuc F} , Fz (Hinh 3).
Tinh cong sinh béi cac luc 7, £ va E,.

Hinh 3

12. Mét chiée thuyén c6 gang di thing qua mot

con song voi toc dd 0,75 m/s. Tuy nhién,
dong chay cua nudc trén con song do chay
vol toc do 1,20 m/s ve hidng bén phai. Goi
Vi, ¥,, v lan luot la van toc caa thuyen so
vol dong nuroe, van toc cua dong nudc so
vo1 bo va van toc cia thuyéen so vaoi bo.

a) Tinh do dai cua cac vecto v, v,, V.

b) Toc do dich chuyén cta thuyén so voi

bo 1a bao nhieu?

¢) Hudng di chuyén cia thuyén léch mot

goc bao nhiéu so voi bo?
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hanl THONG KE VA XAC SUAT

Cac sd dac trung cung cap théng tin quan trong, hitu ich vé mau s6 liéu. Nai dung chinh ciia chuong nay la gidi thiéu
ynghia, cach tinh cacsd dac trung do xu thé trung tam va mirc dd phan tan cia mt mau sé liéu. Ta ciing sé tim hiéu
vé s6 gan diing, sai s6 va mdt so phuong phap phat hién dit liéu khdng chinh xac.

Sum o T80, 56 za 88 vang

i A gt phit tnn 3. 29K (65 1. 385 456,370
ER [y A Dung phat tndn SO8. 316 B 423.639) =
L _Dagphivmién | 54670 10580424 | oo
ol Dz Wom & Diang phat tmén S16.753
Bagg phit tnen | 367,730 84703412 oo
__Pang phil trien e, T L 1626 | o [T -
Blang phill inén ALY = - e
1ang phiit inén 186,195 227 sodmizl Lo &It a1
10 SRR Bang phit irn 3363395 ASOFAG0 q. ..‘_
Phat i 5 swrsie o __ |
Dang phit mién 237,640 29.345.626 | R LR SRS
13 JE . Dang phal meén 203021 rd 10.243.833 :
Bungphiteen | & 162.662 363 99EENIZ] e 5
Flamy phat inén : 141547 w7z 12W/MT| -
Pang phat trien 13K 066, : . 2 LW?_.'I@TIS any

Phit trnen 137,261 ey 126518953
130870 2068 2963486
138400 LI LAREG.I6Y T n
1155 L3901 571 37560 i
k= 120341 950 N TET at
115690 024 3986053 i
106,101 125 10.173931 3

L6 1439325776

Anh: Hoang Long
Ngudn: http://www.csis.org

Hoc xong chuong nay, ban cé thé:

- Hiéu dugc khai niém s6 gan dung. Tinh dugc sai s6 tuyét déi, sai s6 tuong déi.

— Xac dinh dugc s6 gan ding clia mét s6 va xac dinh dugc s6 quy tron cta s6 gan dung
véi dé chinh xac cho trudc.

— Phét hién va li gidi dugc sé liéu khéng chinh xac dua trén méi lién hé todn hoc don gidn
gilia céc s6 lieu da duoc biéu dién trong nhiéu vi du.

—Tinh dugc s6 dac trung do xu thé trung tdm clia mau sé liéu: sé trung binh cdéng (hay s6
trung binh), trung vi, t& phan vi va mét.

—Tinh dugc s6 dac trung do muc d6 phéan téan cia mau sé liéu: khoang bién thién, khoang
t phéan vi, phuong sai, d6 léch chuan.

— Gidi thich dugc y nghia va vai trd clia cac s6 dac trung néi trén ciia mau sé liéu trong
thuc tién va chi ra dugc nhiing két luédn nhé'y nghia cta cac s6 dac trung ndi trén cla
mau s6 liéu trong trudng hop don gian. /

. 104



Bai 1. SO gan dung va sai s6

Tir khoa: S6 gan ding; Sai s6 tuyét ddi; Sai sd tuong déi; D6 chinh xac; So quy tron.

@ S0 7 dong vai trd quan trong trong thuc té cudc séng ciing nhu trong khoa hoc ki thuat.
N6 la mét s6 vé ti nén khdng thé viét chinh xac gia tri chia nd bang s6 thap phan. Trong céc
tinh todn lién quan dén 7, tuy vao dé chinh xac dat ra ma nguwi ta sit dung sd quy tron ciia 7t
dén hai hay nhiéu chirsd hon & hang thap phan. Cacsé quy tron nay Ia cdc s gan diing ciia Tr.
Trong bai nay chiing ta sé hoc cach tinh sai so tuyét doi, sai so twong ddi va xac dinh s6 quy
tron ctia s6 gan ding voi dd chinh xac cho tridc.

1. S6 gan ding

g ":1, Hay do chiéu dai ctia ban hoc ban dang st dung.

Trong thuc t cudc song ciing nhw trong khoa hoc ki |
thuat, co nhiéu dai lwong ma ta khong thé xac dinh
duoc gia tr1 chinh xac. Vi du nhu chiéu cao ctia mot
cay dira hay toc do ctia mot chiéc may bay tai thoi
diém nao do. Méi dung cu hay phwong phap do khac
nhau c6 thé s& cho ra cac két qua khac nhau. Vi vy
két qua thu duoc thuong chi 1a nhiing sé gdn diing.

Hinh 1

@1 T(ror}g trich doan mot bao cao tai chinh duoi day, theo ban, sdnaola sb ding, sdnaola
$0 gan dung?
Trong thang 01/2021 co 47 dlr an duoc cap phép mclvcl s6 von ding ki dat gan 1,3 ti
USD, giam khoang 81,8% ve so du an va 70,3% veé so von dang ki so voi cung ki nam
tr}rdc; 46 luot dir an d4 cap phép tir cé‘c nim trude dang ki diéu chinh von dau tu véi s6
von tang thém trén 0,5 ti USD, ting gan 41,4%.

(Ngudn: tapchitaichinh.vn)
2. Sai s6 tuyét déi va sai sé twong doi
Sai s6 tuyét doi
g Vinh va Hoa do chiéu dai trang bia clia m6t quyén sb (Hinh 2).

Vinh doc két quala 21 cm. Hoa doc két qua 14 20,7 cm. Két qua -
cia ban nao co sai so nho hon? Hinh 2

£ 43
!N‘éu ala s6 gan ding cla s6 ding @ thi A :|a_—a| duoc goi 1a sai 56 tuyét doi ciia s6
gan dung a.
Trén thue té ta thuong khong biét s6 dimg 7@ nén khong thé tinh dugc chinh xac A, Thay vao
d6, ta thuong tim cach khong ché sai s6 tuyét doi A, khong vuot qua mic d > 0 cho truoc,
tuc la
A,=|a-al<d hay a~-d<a<a+d.
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Khi do, ta no1 a la s6 gan ding cua so ding @ vo1 do chinh xdc d va quy woc viet gon la
a=azd.

@,
@i

Sai s6 tuong doi

o

Vidu 1
An ﬁ1 dién tich ctia hinh tron ban kinh » = 4 cm bang cong thitc S=3,145.42= 50,32 (ci?).
Biét rang 3,14 <7 < 3,15, hiy wdc lwong do chinh xac cua S.
Gidi

Dién tich dung, ki hiéu la g , cua hinh tron trén thoa méan

3,14.42< § <3,15.42hay 50,24 < S < 50,4,
Do d6 50,24 —50,32 < § — S < 50,4 — 50,32, titc 1a |§—S| <0,08.
Vay két qua cia An co do chinh xac 1a 0,08. No1 cach khac, dién tich ctia hinh tron
la 50,32 £ 0,08 (cm?).

Cho biét 1. 41< \E < 1,42. Hay tinh d¢ dai duong chéo ciia mot hinh vudng cé canh
bang 10 cm va xac dinh do chinh xac cua két qua tim dugec.

Moét tim bia ¢ dang hinh chit nhat vé1 kich thuoc
duoc in nhw trong Hinh 3.

a) Hﬁ‘%y cho bi‘ét kich thwde chidu dai va chiéu rong
cua tam bia ndm trong khoang nao.

b) Tinh dién tich ctia tim bia.

Kich thudc: 170 x 240 (+ 2mm)
Dinh lugng: 100g/m* (M)
Do trang: 80 - 82% 150

Hinh 3

Vao nam 2015, cac nha khoa hoc trén thé g101 udc lwong do tudi cia vii
trula 13799 + 21 triéu nam.

Trong tai bam thoi gian chay 100 m ctia mét van déng vién1a 10,3 + 0,1 gidy.
Theo ban, trong hai phép do trén, phép do nao c¢6 do chinh xac cao hon?

Néu so sanh sai s6 tuyét doi, ta thay phép do clia trong tai chinh xac hon ctia cac nha khoa hoc.
Tuy nhién, 21 trigunam la do chinh xac cua pheép do mot khoang thoi gian dai 13799 trigu nam,
con 0,1 gidy 1a d6 chinh x4c ctia phép do mét khoang thoi gian 10,3 gidy. So sanh hai ti s6

L: 0,0015... va 2L =0,0097...

1z e ) 10,3

ta thay phép do ctia cac nha khoa hoc ¢6 ti s6 giita 6 chinh x4c va s6 gan dung nhé hon.

Dé danh gia su chinh xac ctia sO gan dung, ngoai sai so tuyét doi, nguoi ta con xét sai so
twong do1 duoc xac dinh nhu sau:

® Sai 56 twong doi cia 50 gan ding a, ki hidula §_, 1a ti s0 giita sai s6 tuyét doi A, va |al,

B o6

A
ticla 5, =—<.

|al



; ; d ;
Neua=a+d thi A,<d . Dodé 3§, Si.Néu 3, hayﬂ cang nho thi chat luong cua phép
a

o

Nguoi ta thuong viét sai s6 twong doi dwdi dang phan tram.

do dac hay tinh toan cang cao.

Chéng han, trong phép tinh dién tich hinh tron & Vi du 1, sai s6 trong d6i khéng vuot qua
0,08

—=0,16%.
50,32

g?’ Hiy ude luong sai s6 twong doi trong phép do tudi clia vii tru va thoi gian chay cta van
dong vien & S,

3. Sé quy tron
Quy tac lam tron sé

Trong chuong triinh Trung hoc co 6, ta d4 biét quy tac lam tron s6 dén mot hang nao do (goi
la hang quy tron) nhu sau:

e Néu chit s6 sau hang quy trén nhé hon 5 thi ta thay n6 va cac chit s6 bén phai no bai
chit s6 0.

e Néu chit s6 sau hang quy tron 16n hon hodc biang 5 thi ta ciing lam nhu trén nhung cong
thém 1 don vi vao chit s6 hang quy tron.

Vidu 2

- N . ; 5 ‘.
Hay quy tron s0 @ = 5 =1,333... dén hang phan tram va udc luong sai so tuong doi.

Gidi

i

Quy tronsod @ = B =1,3333... dén hang phan tram, ta dioc s6 gan diung 1a a=1,33. Do

a<a<1,335 nén sai s6 tuyét doi la
A, =la—al<0,005.

. ‘. 0,005
Sai s0 twong doi la o, < 1’33

2

~0,4%.

Chuy:

a) Khi thay s6 ding béi s6 quy tron dén mét hang nao dé thi sai s6 tuyét doi cia s6 quy
tron khéng vurot qua nira don vi ctia hang quy tron. Ta cé thé néi do chinh xac cia s6
quy tron bang nira don vi clia hang quy tron.

b) Khi quy tron s6 dung @ dén mot hang nao do thi ta ndi s6 gan ding « nhan dwoc la
chinh xac dén hang d6. Vi du s6 gan ding ctia 7 chinh xac dén hang phan trim1a 3,14

%4 Hiy quy tron s6 b = 5496 dén hang chuc va udc luong sai s6 trong ddi.
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Xac dinh s6 quy tron ciia s6 gan ding véi dé chinh xac cho trudc

¥ (Cac bude xac dinh 56 quy tron ctia sd gan dung a véi d6 chinh xac d cho trudc:
Burée 1: Tim hang cua chit s6 khac 0 dau tién bén trai cla d.
Burée 2: Quy tron s6 a ¢ hang gap 10 1an hang tim duwoc & Budc 1.

Vidu 3
a) Cho s6 gan diung a= 1903 véi d6 chinh xac d = 50. Hiy viét s6 quy tron cia s6 a.
b) Hay viét s6 quy tron cia s6 gan dung b biét b = 0,1891 + 0,005.

Gidi
a) Hang lon nhat cia d6 chinh xac = 50 1a hang chuc, nén ta quy tron @ dén hang tram.
Vay so quy tron cua ala 1900.

b) Hang 16n nhat ctia d6 chinh xac = 0,005 1a hang phan nghin, nén ta quy tron » dén
hang phan trdm. Vay s6 quy tron cia b 13 0,19.

@5 Hiy viét s6 quy tron ctia s6 gan ding trong nhitng truong hop sau:
a) 318081 + 2000, b) 18,0113 +0,003.

Xac dinh s6 gan dung cia mét sé véi do chinh xac cho trudc

0

¥  Pétimsd gﬁn dung a cua SO ding @ vai do chinh xac 4, ta thie hién cac budc sau:
Burée 1: Tim hang cua chit s6 khac 0 dau tién bén trai cia d.
Burée 2: Quy tron @ dén hang tim dugc & trén.
Vidu 4
12 ol £ . o L R ;
a) Cho 527 =1,71428517.... Hay xac dinh so gan dung cua @ voi do chinh xac

d=0,002.

o 15 o o g B wm xS e
b) Cho b = T: —0,61803398.... Hay xac dinh so gan dung cua » vai do chinh
xac d=0,0005.

Gidi
a) Hang ctia chit s6 khac 0 dau tién bén trai ctia d = 0,002 1a hang phan nghin. Quy tron
@ dn hang phan nghin ta duoc s6 gan dung cia @ laa=1,714.

b) Hang ctia chit s6 khac 0 dau tién bén trai ciia d = 0,0005 1a hang phan chuc nghin.
Quy tron b d&n hang phan chuc nghin ta dwoc s6 gan ding cta b 1a b =-0,6180.

QG Hiy xac dinh s6 gan ding clia cac s6 sau voi do chinh xac d=0,0001.
¥

a) E:%:LSISISIS...; b) b =1-+7 = —1,6457513....
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BAI TAP

1.

[4]]

. Mot tam giac ¢o ba canh do duge nhu sau: a = 5,4 cm + 0,2 cm;

. Chiéc kim mau d6 chi can ning ctia bac Phuc (Hinh 5). Hay viét can

O Babylon, mot tam dat sét c¢6 nién dai khoang 1900 — 1600 trude Cong nguyén di ghi lai
m6t phat biéu hinh hoc, trong d6 am chi wdc lwong s6 7 bang 2_85 =3,1250. Hay wdce luong

sai s6 tuyét doi va sai s6 tirong doi clia gia tri gan ding nay, biét 3,141 <7 < 3,142.

. Cho 6 gan ding a= 6547 véi d6 chinh xac = 100.

Hay viet sO quy tron ctia sO a va wdc luong sai soO tirong doi cia so quy tron do.

. Cho biét 43 =1,7320508.....

a) Hay quy tron V3 d&n hang phan trdm va udc lwong sai s6 twong doi.
b) Hay tim s6 gan dung ctia +/3 v6i d6 chinh xéc 0,003.
¢) Hiy tim s6 gan dung cla 3 véi d6 chinh xac dén hang phan chuc nghin.

. Hiy viét s6 quy tron cia s6 gan ding trong nhitng trrong hop sau:

a) 4536002 £ 1000; b) 10,05043 + 0,002.

b=72cm=+0,2cmvac=9,7cem+0,1 cm. Tinh chu vi cta tam giac do.

ning cta bac Phuc dwdi dang s6 gan diing voi do chinh xac 0,5 kg.

Bai 2. M6 ta va biéu dién-dit liéu

trén cac bang va biéu d6

1.

Tir khod: Bang so liéu; Biéu do cot; Biéu do quat.

Biéu dién dir liéu trén cac bang va biéu d6 cho ta cai nhin truc quan vé dit liéu,
tir d6 o thé tién hanh cac thao tac ddi chiéu, so sanh hay phét hién ra nhiing
diém khéng hop li trong mau sé liéu.

Bdng sé liéu

Dura vao cac thong tin dd biét va sit dung méi lién hé toan hoc gitta cac s6 lidu, ta c6 thé phat
hién ra duoc s6 lidu khong chinh xac trong mot s0 treong hop.

Vidu 1

Trong 6 thang dau nam, s6 san pham ban ra mdi thang ctia mot ctta hang déu ting khoang
20% so véi thang trrde d6. Biét rang, trong bang dudi ddy, s6 san pham banra clia mot thang
b1 nhap sai. Hay tim thang do.

Théng

1

S6 san pham bén ra

145

175

211

256

340

371




Gidai

Ti 1& phan tram ting thém cia s6 san pham ban ra mdi thang duoc tinh & bang dudi day:

Théng 2 3 4 5 6
Ti lé phan tram tang thém
sovél thing trdic 20,7% 20,6% 21,3% 32,8% 9,1%

Ta thay ti 18 ting cua thang 5 va thang 6 déu khac xa 20%. Do do trong bang s6 lidu di cho,
s6 san pham cua thang 5 1a khong chinh xac.

Vidu2

Mot dai 20 tho thu cong duoc chia déu vao 5 to. Trong mot ngay, moi ngudi tho lam duoc
4 hodc 5 san pham. Cudi ngay, déi trudng théng ké lai so san phim ma méi t6 lam dwoc &
bang sau:

T6 1 2 3 4 5

S8 san pham 17 19 19 21 20

Dai trudng dd thong ké dung chua? Tai sao?

Gidi
M5i t0 ¢6 20 : 5 =4 nguoi. Trong mot ngay, moi nguoi tho lam duoc 4 hodc 5 san pham nén
mai t6 lam duoc tir 16 dén 20 san pham. Do d6, bang trén ghi T6 4 lam dugc 21 san pham
la khong chinh xac.
Vay doi trudng théng ké chwa dung.

. Biéu do

Vidu3

Lug'ng dién sinh hoat chia cac khu vure
trong thang 1/2021 (don vj: kWh)

Luong dién sinh hoat trong thang 1/2021 ctia cac 14000 4

ho gia dinh thude Khu A (60 ho), Khu B (100 ho) 12000

va Khu C (120 hd) duoc biéu dizn 6 biéu do bén. 12222

Hay cho biét cac phat biéu sau la dung hay sai: 6000

a) M4i khu déu tiéu thu trén 6000 kWh. ‘z‘ggg I I I
b) Trung binh mai ho & Khu C sit dung so dién 0

gap hai 1an méi ho & Khu A. khu A Khu B Khu C

Gidi
Nhin vao biéu d6 ta thay mdi khu déu tidu thu trén 6 000 kWh nén khing dinh 6 cdu a)
la dung.

Mic du luong dién tidu thu 6 Khu C gan gap hai lan lwong dién tidu thu & Khu A nhung s6
ho ¢ Khu C lai gap hai lan s6 ho Khu A. Do d6 khing dinh & cau b) 1a sai.

o



Vidu 4

Binh v& biéu d6 biéu thi i 1& s6 lwong mdi loai gia
cam trong mot trang trai theo bang thong ké dudi day:

Loalgla cim 56 con
Ga 120
Ngan 40
Ngong 40
Vit 10

Ti Ié mai loai gia cAm trong trang trai

mG3

m Vit

® Ngan
Ngdng

Ban héy cho biét biéu d6 Binh v& di chinh xac chita. Néu chura thi can diéu chinh lai nhw thé

nao cho dang?

Theo bang thong k& thi s6 ngan va ngéng bang nhau nén trén biéu d6 quat, hinh quat biéu
dién ti 18 ngan va ngdng phai bang nhau. Do d6 biéu d6 Binh v& chua chinh xac.

Néu & phan chu giai, Binh d6i ch6 “Vit” va “Ngong” thi s& diroc biéu d6 chinh xac.

BAI TAP

1. Bang sau thong ké s6 16p va s6 hoc sinh theo timg khéi & mot trrong Trung hoc pho théng.

Khai 10 11 12
S8 16p 9 8 8
Sé hocsinh 396 370 345

Hidu trudng truong do cho biét st s6 méi 16p trong treong déu khong vuot qua 45 hoc sinh.
Biét rang trong bang trén ¢ mot khoi 16p bi thong ké sai, hiy tim khoi 16p do.

2. S6 lwong trwong Trung hoc phd théng (THPT)
clia cac tinh Gia Lai, Pak Lik va Lam Dong trong
hai nam 2008 va 2018 duoc cho & biéu do bén.

Hiy cho biét cac phat bidu sau la dung hay sai:

a) SO lwong truong THPT cta cac tinh ndm 2018

déu ting so voi ndm 2008.

b) O Gia Lai, s6 treong THPT nim 2018 ting gan
gap doi so voi niam 2008.

A S6 lwgng truwerng Trung hoc pho thdng

Pak Lk Lam Rong

W Nam 2008 ®m Nam 2018

(Nguon:Téng cuc Théong ké)



3. Biéu do bén thé hién gia tri san pham (don vi: o ) .
n 5 . . N Gia tri san pham thu dugc trén 1 hecta dat
trigu dong) trung binh thu duogc trén mot hecta tréng trot va mat nwée nudi tréng thuy san
dat trong trot va mat nuwde nudi trong thuy san ;;g A
trén ca nuoc tr ndm 2014 den nam 2018. Hay 50

cho biét cac phat biéu sau la ding hay sai: 20

170
a) Gia tri san pham trung binh thu duoc trén iiﬁ
mot hecta méat nuede nuodi tréng thuy san cao 110
hon trén mot hecta dat trong trot. ot I
- - ol 08 BRI

v s = ] A n - A A 50
b) Gla tIl Sal p ﬂjlu (‘iUfUC tren ca d‘at trong Nam 2014 Nam 2015 Nam 2016 Nam 2017 Nam 2018
trot va mat nurde nuoi trong thuy san déu co xu mDSttrBngtrot  mMat nuGe nudi trdng thuy san
huodng ting tir nam 2014 dén nam 2018.

(Ngudn: Tong cuc Thong ké)
¢) Gia tri san pham trung binh thu duoc trén mot hecta mit nrde nuéi trong thuy san cao gap
khoang 3 lan trén mot hecta dat tréng trot.

Bai 3. Cac sé dac trung do xu thé
trung tam cua mau sé liéu

Tir khoa: S6 trung binh cong; Trung vi; Tit phén vi; Mot.

@ Dé nhanh chong ndm bat dugc nhiing dac diém, nhitng thong tin quan trong
trong mdt mau sé liéu ngudi ta thudng hay tinh cacsé dac trung ciia mau so
liu d.
Trong bai nay chiing ta sé tim hiéu cac s dac trung do xu thé trung tam cia
mau s6 liéu Ia: so trung binh, trung vi, ti phan vi va mét.

1. S& trung binh
;?1 Piém s6 bai kiém tra mén Toan ctia cac ban trong To 1 1a 6; 10; 6; 8; 7; 10, con ctia cac
banT621a10;6;9; 9; 8; 9. Theo em, t0 nao co két qua kiém tra tot hon? Tai sao?
* Gia st ta c6 mot mau so lidulax, x,, .., x,.
So trung binh (hay sé trung binh céng) ciia mau so6 lidu nay, ki hiéu la ¥, dwoc tinh béi
cong thirc



« Gia st mau so liéu duoc cho dudi dang bang tan so

Gia tri X X . X,

Tan s& n n, o= 1y

Khi d6, cong thirc tinh s6 trung binh tré thanh

nmx, + X, STl n.x,

X =
I

trong d6 n=m +n,+...+n,. Ta goinla c& miu.
. n, o ; ‘ :
Chi y: Neu ki hidu f; = f la tan so tuwong doi (hay con got la tan suat) cua x, trong

= A qin iA 1 . . A q:A ey . =
mau s0 liéu thi so trung binh con co the bieu diénla: ¥ = fix, + fox, +..+ f,x, .

Vidu 1
Mot cira hang ban xe dap théng k& s6 xe ban dwoc hing thang trong nim 2021 & bang sau:

Théng | 2 3 4 5 6 7 8 g | B0 A1 | 2
6 xe 10 | 8 7 5 8 [ 22 | 28 | 2520 (10| 9 7

a) Hiy tinh s6 xe trung binh cira hang ban dwoe moi thang trong nim 2021.
b) Hiy so sanh hiéu qua kinh doanh trong quy III ciia ctra hang véi 6 thang dau nim 2021.
Gidi
a) SO xe trung binh cira hang ban dugc méi thang trong nam 2021 1a:
%(10+8+7+5+8+22+28+25+ 20+10+9+7)=13,25 (xe).
b) S6 xe trung binh ban dwge trong 6 thang dau nam la:
%(10+8+7+5+8+22) =10 (xe).
S6 xe trung binh ban dioc trong quy I ciia nim la:
%(28 +25+420)= ? ~ 24,33 (xe).
Nhu vy hidu qua kinh doanh ctia cita hang trong quy III cao hon trong 6 thang dau nim.
Y nghia ctia s6 trung binh

So trung binh ctia mau so liéu dirge dimg lam dai dién cho cdc so liéu cuia mau. No la mot
56 do xu the trung tam ciia mdu do.

Vi du nhu trong Q, vi diém trung binh cta cac ban To 114 7,83 vacia cac banT621a 8.5
nén ta cé thé cho rf?mg noi chung cac ban T4 2 hoc Toan tot hon cac ban TO 1.
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*}1 Thoi gian chay 100 mét (don vi: gidy) ctia cac ban hoc sinh ¢ hai nhém A va B dugc ghi
lai ¢ bang sau:

Nhém A 122 13,5 127 13.1 12,5 12.9 132 12,8

2 2 2 2 2 2 ?

Nhém B 12,1 13,4 13,2 12,9 13,7

el 2 ? ?

Nhém nao ¢o thanh tich chay t6t hon?

ﬁf‘zz $6 ban thing ma mét déi bong ghi duge 6 méi trin diu trong mot mia gidi dwoe théng
ké lai & bang sau:
$6 ban thing 0 1 2 3 4 6
S6 tran 5 10 5 3 2 1

Hiy xac dinh s6 ban thang trung binh déi d6 ghi dwoc trong mot tran dau cia mua giai.

2. Trung vi va t& phan vi

) Bang sau théng ké s6 sach méi ban hoc sinh Té 1 va Td 2 d doc & thu vién truong
trong mot thang:
T61 3 1 2 ! 2 2 3 25 1
T62 4 ) 4 3 3 4 5 4

a) Trung binh méi ban T6 1 va méi ban T6 2 doc bao nhiéu quyén sach & thw vién
treong trong thang do?

b) Em hay thao luan voi cac ban trong nhom xem to nao cham doc sach & thu vién hon.

Trong tinh huéng & Q , ta thay viéc st dung s6 trung binh d so sanh do chiam doc sach thw
vién clia hai t6 1a khong phtt hop. Biéu nay 1a do T6 1 ¢d mét s6 lidu qua 16n so véi cac s6 lidu
con lai. Trong tinh hung nhu vy, d2 so sanh do cham doc sach gifta hai t6, nguoi ta thuong
dung mot so dic tnung khac ctia mau s0 ligu, goi la frung vi, duge dinh nghia nhu sau:

A : " e
Sap xep mau so lieu theo thir tw khong giam, ta duoc:
Xy =X, = o=
SO = fqial 1n L e . < = A
Trung vi cua mau, ki hieula M, la gia tn1 6 chinh gitta day x,, x,, ..., x,. Cu the:
*Neun=2k+ 1,k e N, thi trung vi clia mau M, =x,, ,.

*« Néun =2k, k € N, thi trung vi clia mau M, = %(xﬁxhl).



Y nghia chia trung vi
Trung vi diroc dimng dé do xu thé trung tam ciia mau s6 liéu. T rung vi la giad tri nam é chinh
giita ctia mau sé liéu theo nghia: luén cé it nhat 50% sé liéu trong mau lon hon hodic bing
trung vi va it nhat 50% s6 liéu trong mau nho hon hodc bﬁng trung vi. Khi trong mau xuat hién
thém mét gia tri rat I6n hodc rdt nhé thi s6 trung binh sé bi thay déi dang ké nhumg trung vi
thi it thay doi.

Vidu 2

( I - = A r ( = A 1 A or r = A f‘?
a) Tinh cac trung vi1 ctia s0 sach cac ban 6'To 1 va so sach cac ban 6 To 2 da doc trong&k ]
b) Stt dung trung vi, hay so sanh xem cac ban & td nao doc nhiéu sach & thu vién hon.
Gidi
a) Sap xép s6 sach méi ban T6 1 d4 doc theo thit tw khong giam, ta dwoc diy:
Iodsds2:2:.2:3: 3: 25,
Vi ¢8 mau bang 9 nén trung vi ctia T6 1 1a s6 lidu thit 5 cta diy trén, tic 1a M,=2.
Sap xép s6 sach moi ban TS 2 d4 doc theo thit tu khong giam, ta duoc diy:
3.3 4 A4 4 Aes 5
Vi ¢& mau bang 8 nén trung vi ctia T6 2 1a trung binh céng ciia s6 lidu thit 4 va thit 5 cia

ddy trén, tic laM, = %(4+4) =

b) Néu so sanh theo trung v1 thi cac ban T4 2 doc nhidu sach & thu vién hon cac ban TS 1.
Vidu3

Khi kiém tra ngau nhién mét s6 cong nhan trong mét xi nghiép, nguoi ta théng ké lai
d6 tudi cia ho & bang sau:

Tudi 25 26 20 29 31 34
S8 cong nhan 4 9 8 3 1 1

Tim trung vi va trung binh cdng ctia mau s0 lidu trén.

Gidi
C& mau la n = 26. Khi sap xép do tudi cac cong nhan theo thit tu khong giam thi s6
liu thit 13 va 14 lan luot 1a 26 va 27. Vay

M= %(26+ 27)=26,5.
S6 trung binh cong ctia mau la

x = %(25.4+ 26.9+27.8+29.3+31+34)=27.
%1 Hay tim trung vi cuda cac sb lidu 6@\(& @
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. Can nang cua 20 van dong vién mon vat ciia mot cau lac b duwoc ghi lai & bang sau:

50 56 57 62 58 52 66 61 54 61
64 69 52 65 58 68 67 56 59 54
Pé thuén tién cho viéc luyén tap, ban huan luyén mudn Xép 20 van dong vién trén thanh
4 nhém, moi nhém gom 25% so van dong vién cd can nang gan nhau. Ban hiy gitip ban
huin luyén xac dinh cac ngudng can ning dé phan nhém moi van dong vién.

Trung vi chia mau thanh hai phan. Trong thuc t& nguoi ta ciing quan tim dén trung vi cta
moi phan do. Ba trung vi nay duoc goi la tie phdn vi cia mau.
it Sap xép mau so6 lidu theo thit tw khong giam, ta dugc:

xIszs...Sx.

Tie phén vi cia mot mau s6 lidu gom ba gia tri, goi 14 t phdn vi thir nhdt, thie hai va
thir ba (lan luot ki higula O, O, O,). Ba gia tri nay chia tap hop dit liéu dd sap xép
thanh bén phé“m déu nhau. Cu thé:

* Gia tr1 tir phan vi thit hai, O, chinh la $0 trung vi cia mau.

» Gia tri tir phan vi thit nhat, O, 1a trung vi ctia nta s6 lisu dd sap xép bén trai O,

(khong bao gom O, neun lg).

» Gia tri tir phan vi tht ba, O, la trung vi ctia nira s0 liéu dd sip xep bén phai O,

(khéng bao gom o, néu 1é).

Y nghia chia ti phan vi
Cdc diém tit phan vi Q,, Q,, Q, chia méu s6 liéu dé xdp xép theo thir tir tie nhé dén l6n thanh
bén phan, méi phan chita khodng 25% tong sé sé liéu di thu thdap diroce.
Tir phén vi thir nhat O, con dwrge goi la tir phan vi diroi va dai dién cho nira mau s6 liéu phia
diroi. Tir phan vi thir ba Q, con dirge goi la tir phan vi trén va dai dién cho nita mau 56 lidu

phia trén. 51 o o
25% ¥ 25% i 25% = 25% .
Vidu 4
Tim it phan vi ctia cac mau s6 lidu sau:
)13 58 7:.10:2:3. b) 2:3:.10:.13: 5.05: 5.7
Giai

a) Sép Xép lai mau s6 liéu theo thit tu khong giam, ta duge: 2; 3, 5; 5, 7, 10; 13.
e Vicdmaulan=7,1asdlé, nén gia tr1 tr phan vi thir hai la Q0,=5.
o T phan vi thit nhat 1a trung vi ctia maw: 2; 3; 5. Do d6 Q,=3.
e Tt phén vi thit ba 1a trung vi ciia mau: 7; 10; 13. Do d6 Q,= 10.
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b) Sép Xép lai mau s6 lidu theo thit tw khong giam, ta duoc: 2;3;5.5,7;10; 13; 15.
e Vi c& mau la n =8, 1a s6 chin, nén gia tri t& phan vi thit hai 1a
1
0, :5(5+7):6.

e Tt phan vi thit nhét 1a trung vi cia maw: 2; 3; 5, 5. Do do 0,=4.
e Tt phan vi thit ba la trung vi ctia mau: 7; 10; 13; 15. Do d6 Q,=11.,5.
Trong vi du trén, khoang cach gitta O, va O, nho hon khoang cach gitta O, va Q,. Ta no
mat do s6 lidu & bén trai O, cao hon 6 bén phai Q,.
@2 Hay tim tr phéan vi clia cac mau s6 lidu sau:
a) 10 13215 . 2:10..19: 2. 5: 7. Bs: 10 =80 18: 1: 2515
3. Mot

MGt ctta hang kinh doanh hoa théng k& s6 hoa hong ban duoc trong ngay 14 thang 2
theo loai hoa va thu dugc bang tan sd sau:

Loai hoa Héng bach Héng nhung Hong vang | Hong kem
$6 béng ban duogc 120 230 180 150

Cira hang nén nhap loai hoa hong nao nhiéu nhat d& ban trong ngay 14 thang 2 nim tiép
theo? Tai sao?
- - S — . ,
¥+ (Cho mot mau so liéu duoi dang bang tan so6. Gia ti1 ¢o tan so 1on nhat dwgc goi la mot
ctia mau s0 lidu va ki hidula M.

Vidu5
S6 vu va cham giao thong mdi ngay tai mot nga tw duoc ghi lai trong bang tan s6 sau:
S6 vu vacham 0 1 2 3 4
Séngay 12 17 6 4 1

Tim mot ctia mau so liéu trén.
Gidi
So6 ngay ¢6 1 vu va cham la 17, 16n hon so ngay ¢6 0, 2, 3, 4 v va cham. Do dé mau so
lisutréncoM = 1.
Y nghia cila mét
Mot dac trung cho gia tri xuat hién nhieu nhat trong mdi.
- ¥ ~ = A qra - A . - A A - A o v - . ot A qena (
Chd y: Mot mau so lieu co the co nhieu mot. Khi tat ca cac gia fr1 trong mau so ligu co

tan so xuat hién bang nhau thi mau so liéu d6 khong c¢6 mot.

@3 Hay tim mbt ctia s6 lidu diém kiém tra ctia cac ban TS 1 trong Q
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BAI TAP

1. Hay tim so trung binh, tit phan vi va mot ctia cac mau so lidu sau:

a)23: 41:71:.29:48. 45, 72:41. b) 12; 32, 93; 78; 24, 12; 54; 66, 78.
2. Hay tim s6 trung binh, it phan vi va mét cta cac mau so lidu sau:
a)
Gia tri 23 25 28 31 33 37
Tan s6 6 8 10 6 4 3
b)
Gia tri 0 2 4 9
Tén s6 tuong déi 0,6 0,2 0,1 0,1

3. Anlay ra ngau nhién 3 qua béng tir mot hop co chita nhiéu béng xanh va bong d6. An dém
xem c6 bao nhiéu béng d6 trong 3 bong lay ra do 1oi tra bong lai hop. An lap lai phép thir
trén 100 lan va ghi lai két qua & bang sau:

S6béng do 0 1 2 3
S lan 10 30 40 20
Hiy tim s6 trung binh, t¢ phan vi va mot ctia bang két qua trén.

4. Trong mot cude thi nghé, ngudi ta ghi lai thoi gian hoan thanh mét san pham cia mot so thi

sinh ¢ bang sau:
Thai gian (don vi: phiit) 5 6 7 8 25
S8 thi sinh | 3 5 2 1

a) Hiy tim s6 trung binh, i phan vi va mot cia thoi gian thi nghé cia cac thi sinh trén.
b) Nam ngoai, thoi gian thi ctia cac thi sinh ¢6 s6 trung binh va trung vi déu bang 7. Ban hiy
so sanh thoi gian thi noi chung cuia cac thi sinh trong hai nam.
5. Bac Diing va bac Thu ghi lai s6 cude dién thoai ma méi nguoi goi mdi ngay trong 10 ngay
dwoc Ira chon ngau nhién tir thang 01/2021 & bang sau:

Bac Diing 2 7 3 6 1 4 1 4 5 |
Bac Thu 1 3 1 2 3 4 1 2 20 2

a) Hay tim s0 trung binh, fit phan vi va mot ctia s6 cudc dién thoai ma moi bac goi theo so
liéu trén.

b) Neéu so sanh theo so trung binh thi a1 c6 nhiéu cudc dién thoai hon?

¢) Neu so sanh theo so trung vi thi a1 co nhiéu cudc dién thoai hon?

d) Theo ban, nén ding s6 trung binh hay s6 trung vi dé so sanh xem ai ¢6 nhiéu cude goi dién
thoai hon moi ngay?



6. Tong s6 diém ma cac thanh vién doi tuyén Olympic Toan quoc té (IMO) ctia Viét Nam dat
duoc trong 20 ki thi duoc cho ¢ bang sau:

Nim | Téng diém Nim T8ng diém Nam Téng diém Nim Téng diém
2020 150 2015 151 2010 133 2005 143
2019 177 2014 157 2009 161 2004 196
2018 148 2013 180 2008 159 2003 172
2017 155 2012 148 2007 168 2002 166
2016 151 2011 113 2006 131 2001 139

(Nguén: https://imo-official.org)
C6 v kién cho rang diém thi cia doi tuyén giai doan 2001 — 2010 cao hon giai doan
2011 —2020. Hiy stt dung s6 trung binh va trung vi d& kiém nghidm xem v kién trén ¢é
dung khong.

7. Két qua bai kiém tra gifta ki ctia cac ban hoe sinh 16p 10A, 10B, 10C dwoc thong ké 6 cac
biéu d6 dudi day.

LGp 10A LGp 108 Lép 10C
16 2} 18 -
14 1o
12 14
0 12 |
10 |
g 8
6 6
4 4
2 2
0 0
Pidm Diém Diém Piém Pidm Pidm Piém Biém Biém Diém Piém Diém Diém Diém Piém Diém Diém Piém
5 6 7 8 9 10 5 6 7 8 9 10 5 6 7 8 9 10

a) Hay lap bang thong ké s6 luong hoc sinh theo diém s6 ¢ méi 16p.
b) Hay so sanh diém s6 ctia hoc sinh cac 16p d6 theo sb trung binh, trung vi va mot.

(" N
Ban c6 biét?

Céc 50 dic tnimg cho ta théng tin vé quy luat phan phéi ciia mau s6 lidu. Mau s6 lidu duoc
goi la déi xiemg néu trung binh ciia mau va trung vi bang nhau, Zéch frdi néu trung binh
ctia mau nhé hon trung vi; Zéch phdi néu trung binh ctia mau 16n hon trung vi.

Vi du trong Bai tap 7, diém ctia 16p 10A 1a 1&ch trai, diém ctia 16p 10B 1a doi ximg va
diém cuia 16p 10C la léch phai.

- 4
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Bai 4. Cac s6 dac trung do muc do
phan tan cila mau sé liéu

Tir khoa: Khodng bién thién; Khoang tir phan vi; Phuong sai; Dé léch chuan.

@ Nhiét dd khong khi trung binh cic thiang trong ndm
2019 tai Lai Chau va Lam Déng (don vi: d6 C)
30
20
10
0

ISl e e e e i

mLlai Chdu mLaim Dodng
(Nguén: Téng cuc Théng ké)
Theo ban, dia phuong nao c6 thai tiét on hoa hon?

1. Khodng bién thién va khodng tir phan vi

N .. - \ .
Q Thaoi gian hoan thanh bai chay 5 km (tinh theo phut) cua hai nhom thanh nién duge cho
0 bang sau:

Nhom N 30 | B2l Bebe) Sl ey 8 17 | 29 | 32 | 31
oM 2N 32 Y5 I U ERRE IR OG e) | 30 | 31 | 29

a) Hay tinh d6 chénh 1&ch giita thoi gian chay ctia nguoi nhanh nhit va nguoi chdm chét
trong timg nhom.

b) Nhém nio cé thanh tich chay dong déu hon?

s Sap xép mau so6 lidu theo thit tw khéng giam, ta dugc:
=X = s
e Khodng bié}z thién ciia mot mau s6 liéw, ki hidu 1a R, 14 hidu gifta gia tri 1on nhat va
gia tr1 nho nhat ctiia mau so lieu do, tirc la:
"X X
e Khodng tir phdn vi, ki hieu la Ay la higu gitta O, va O, tuc la:
A=O O

Trong Q d6 chénh léch giita két qua cao nhat va két qua thap nhat chinh 1a khoang bién
thién ctia két qua cac 1an chay cla timg nhém.



Vidu 1
Hay tinh khoang bién thién va khoang tir phan vi ctia mau solidu: 10;20:3;1;3:4;7,4:9.
Gidi
Xét mau s6 lidu da sép Xép la: 123 3:4; 4; 7:9;10:20.
e Khoang bién thién ctia mau s6 idula: R=20-1=19.
e Cmaula n=91a sb 1& nén gia tri tir phan vi thit hai 1a: 0,=4.
e T1t phan vi thit nhét 1a trung vi cia mau: 1; 3; 3; 4. Do d6 0, = 3.
e T1t phan vi thit ba la trung vi ctia mauw: 7; 9; 10; 20. Do do g,=9.5.

» Khoang ti phin vi ctia mau la: A,=9,5-3=6.5.

Y nghia ctia khoang bién thién va khoang ti phan vi
Khoang bién thién dic trung cho do phan tan ciia toan bo maut s6 liéu.

Khoang tir phan vi ddc trimg cho do phan tan ctia mét nita cdc sé6 liéu, co gia tri thuéc doan
tir Q, den Q, trong mau.

Khodng tit phan vi khéng bi anh hiréng béi cdc gia tri rat lém hodc rat bé trong mau.

) ; v G, ;
Trong Q , ¢0 su khac biét 1on néu sir dung khoang bien thién de so sanh do chénh l1éch ket
qua giita hai nhém. Nhung néu sit dung khoang t phén vi thi thiy su chénh 1&ch thoi gian
chay cua da s0 cac thanh nién & hai nhém la nhu nhau.

gl Hiy tim khoang bién thién va khoang it phan vi ctia cac mau s6 lidu sau:
a) 10; 13; 15; 2 Stimis s I N0 0: 1: 2; 5; 15.
l&j”fl Dudi day 1a bang s6 liéu théng ké ciia Bifu d6 nhiét d6 trung binh cac thang trong

nam 2019 cia hai tinh Lai Chau va Lam DPong (dwoc d& cap dén & hoat dong khéi dong
cua bai hoc).

Thang 1 2 3 4 5 6 7 8 9 10 11 12

Lai Chau 148 | 188 | 20,3 | 23,5 | 247 | 242 | 23,6 | 24,6 | 22,7 | 21,0 | 186 | 142

Lam Déng 163 | 174 | 187 | 198 | 20,2 | 20,3 | 19,5 | 193 | 18,6 | 18,5 {1740 16,0

a) Hay tim khoang bién thién va khoang tir phan vi ctia nhiét d6 trung binh méi thang
ctia tinh Lai Chau va Lam Déng.
b) Hay cho biét trong mot nam, nhiét d6 & dia phuong nio it thay d6i hon.



Gia tri ngoailé

Khoang tit phan vi duoc dung dé xac dinh cac gid tri ngoai Ié trong mau, do la cac gia tri
qua nho hay qua 16n so véi da so cac gia tii cia mau. Cu thé, phan ti x trong mau 1a gia tri
ngoai 1é néux > Q, + 1,54  hodcx < 0, — 1,54

Trongm\fi dul,Q,+15A,=95+15.6,5=19,25va 0, —1,5A,=3-1,5.6,5=-6,75
nén mau co mot gia tri ngoai 1€ la 20.

Sur xuat hién ctia cac gia tr1 ngoai 1€ lam cho s trung binh va pham vi ctia mau thay d6i16én. Do
do, khi mau co gia tri ngoai 18, nguoi ta thuong sit dung trung vi va khoang tir phan vi dé do
mutre d6 tip trung va mic d6 phén tan ctia da s cac phan ti trong mau s lidu.

gz Hay tim gia tri ngoai 1& ctia mau s6 lidw: 37; 12; 3:9: 10, 9; 12; 3; 10.

2. Phuong sai va d6 léch chuan

» Hai cung thii4 va B dd ghi lai két qua timg lan bin ctia minh & bang sau:

Cung tha A 8 9 10 7 6 10 6 7 9 8

CungthaB | 10 | 6 8 i 9 9 8 Y 8 8

a) Tinh két qua trung binh ctia méi cung tha trén.
b) Cung thi ndo ¢6 két qua cac lan ban 6n dinh hon?

Ngoai khoang bién thién va khoang tt phan vi, nguei ta ciing st dung phuong sai va do léch
chuan @ do d6 phan tan cia mau o lidu.

lho
= — (4
Gia st ta co mot mau 5o ieulax,, x,, .., x,.

n

« Plurong sai ctia mau s6 lidu nay, ki hiéu la 2, dwoc tinh béi cong thirc:

§? = [(4-F + (=D 4.t (5, D1 ],
mn
trong d6 ¥ 1a s6 trung binh clia mau s6 lidu.

+ Can bac hai cua phwong sai duoc goi la dg léch ckm’fn, ki hiéula S.
Chii y: C6 thé bién doi cong thirc tinh phwong sai & trén thanh:
i l(Jcl2 + x;' +..+ x::)— T
n

Trong théng k&, ngudi ta cfing quan tam dén phwong sai hidu chinh, ki hidu 1a §*, dwoc tinh
bdi cong thirc:

§ = L[(xl U e R ol
n—1
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Vidu2

Hay'ﬁnh phuong sai va d6 1éch chuan cia mdi mau s6 lidu ghi két qua cac lan ban cua

timg cung thu trong Q.

Gidi

S6 trung binh ciia két qua cac lan ban cia cung thi 4 la:
8+9+10+7+6+10+6+7+9+8):10=8.

S6 trung binh clia két qua cac lan ban cia cung tha B la:
(10+6+8+7+9+9+8+7+8+8): 10=8.

Phuong sai mau s6 liéu clia cung thu A4 1a:

Sj:%(g% Ot LT 67+ L0% 6 Pror g~ =2,

D6 1éch chuan mau so liéu ctia cung thi 4 1a: S, = NSI = V2 ~1.41.

Phuong sai mau s6 liéu ctia cung thi B 1a:
S§:%(102+ 6" + QLT L 0ROt R L 87+ 8T) — 87=12.
D6 léch chuan mau s6 lidu ctia cung thi B 1a: S, = ,fS; =J1,2~1,10.

Y nghia cia phuong sai va dé léch chuan

Phirong sai la trung binh cong cua cac binh phwong dé léch tir moi gia tri ctia mau so liéu
den so trung binh.

Phirong sai va do léch chuan diroc dung dé do mire do phan tan ctia cdc so liéu trong mau
quanh s6 trung binh. Phirong sai va do léch chuan cang lon thi cdc gid tri cuia mau cang
cach xa nhau (cé dé phan tan lon).

N . ! . .
Trong Q , ket qua cac lan ban cta hai cung thu co cung khoang bien thién va khoang tir
phan vi. Tuy nhién, néu so sanh bang phuong sai hoac do 1éch chuan thi két qua cta cung thu 4
c6 do phan tan cao hon cung thi B. Do d6, cung thi B ban 6n dinh hon cung thi 4.

Gia stt mau so lidu duoc cho dudi dang bang tan so:

Gia tri X, X, X,
Tan sé n, n, n,
Khi do, cong thire tinh phuwong sai trd thanh:
1
82 :—[nl(xl —f)ern2 (xz—f)2+...+nk (xk—f)z}
n

trongdo n=n+n,+..+n,.
C6 thé bién ddi cong thie tinh phwong sai trén thanh:

1
2 2 2 2 =
S :;(”13‘1 S E e e
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Vidu 3

Piéu tra mot s6 hoc sinh vé so cai banh chung ma gia dinh madi ban tiéu thu trong dip
Tét Nguyén dan, két qua duoc ghi lai & bang sau:

S& cai banh chung

P

10

|

15

S4 gia dinh

7

10

So trung binh ctia mau s0 liéu trén la:

f:%(5.6+7.?+10.8+8.9+5.10+ 4.11+15)=8,5.

Phuong sai ctia mau so lidu trén la:

2 1

52 :5(5.62+7.72+10.83+8.92+5.101+4.111+151)—8,52 =3,25.

Aqa A > = Aqen -
bo 1éch chuan cuia mau so6 liéu la:

S =S% = 3,25 #1,80.

hai tram quan sat khi twong dat & Tuyén Quang va Ca Mau.

&f‘ Bang dudi diy théng ké tong s6 gio nang trong nam 2019 theo timg thang duoc do béi

Théang 1 2 3 4 5 6 7 8 9 10 11 12
Tuyén Quang 25 89 72 | 117 | 106 | 177 | 156 | 203 | 227 | 146 | 117 | 145
Ca Mau 180 | 223 | 257 | 245 191 | 111 | 141 | 134 | 130 | 122 | 157 | 173

a) Hay tinh phuong sai va do 1éch chuan cta dit liéu timg tinh.
b) Néu nhén xét vé s thay ddi tong s6 gio ning theo timg thang & mdi tinh.

BAI TAP

(Nguén: Tong cuc Thong ké)

1. Hay chon ngau nhién trong 1épra 5 bannam va 5 ban nit 161 do chiéu cao cac ban do. So sanh
xem chiéu cao cuia cac ban nam hay cac ban nit dong déu hon.

2. Hay tim do léch chuan, khoang bién thién, khoang tir phan vi va cac gia tr1 ngoai 1€ cuia cac

mau so lidu sau:

A8 3 L5672 4

b) 13:37:64:12:26:43:20:23.



3. Hay tim d¢ léch chuan, khoang bién thién va khoang tit phan vi cia cac mau s0 lidu sau:

a)
Gia tri -2 -1 0 1 2
Tan s§ 10 20 30 20 10
b)
Gia tri 0 1 2 3 4
Tan s8 0,1 0,2 0,4 0,2 0,1

4. Hay so sanh s6 trung binh, phuong sai va do 1éch chuan ciia ba mau s6 liéu sau:
Maul: 0,1; 03; 0,5, 0,5, 03; 0,7.

Maw?2: 11: 13 15 15 1.3 1.7
Mau3: I;

T

2

5. 5 34"/

5. San lwong lua cac nam tir 2014 dén 2018 ctia hai tinh Thai Binh va Hau Giang dugc cho ¢
bang sau (don vi: nghin tan):

Nam
2014 2015 2016 2017 2018
Tinh
Thai Binh 1061,9 1061.9 1053.6 942.6 1030.4
Hau Giang 1204,6 1293.1 1231,0 1261,0 1246,1

(Ngudn: Téng cuc Théng ké)
a) Hay tinh do 1éch chuan va khoang bién thién cia san lwong lua timg tinh.
b) Tinh nao co san luong lua on dinh hon? Tai sao?

6. Két qua diéu tra mic lwong hiang thang ctia mét s6 cong nhan ctia hai nha may A va B dugc
cho & bang sau (don vi: triéu dong):

Céng nhan nha méay A 4 5 5 47 5 6 4 4

Céng nhan nha may B 2 9 9 8 10 9 9 11 9

a) Hay tim s6 trung binh, mot, 1t phan vi va do 1éch chuan cta hai mau s6 lidu lay tir nha
may A va nha may B.

b) Hiy tim cac gia tri ngoai 18 trong méi mau s6 lidu trén. Cong nhan nha may nao c¢é muc
lwong cao hon? Tai sao?



1. Mot hing s6 quan trong trong toan hoc 1a
s0 e co gia tri gan ding vai 12 chit s6 thap
phan la 2,718281828459.

a) Gia st ta lay gia tri 2,7 lam gia tii gan
ding clia e. Hiy chimg to sai s6 tuyét déi
khéng vurot qua 0,02 va sai so tuong doi
khong vugt qua 0,75%.

b) Hay quy tron e dén hang phan nghin.

¢) Tim s6 gan diing cta s6 e v6i do chinh
xac 0,00002.

2. Cho cac s6 gan ding a =54919020 + 1 000
va b=15,7914003 + 0,002,

Hiy xac dinh s6 quy tron cia a va b.

3. Mdi hoc sinh 16p 10A déng gop 2 quyen

sach cho thu vién truong. Lop truong
thong k& lai s6 sach ma méi t6 trong 16p
dong gop o bang sau:

| Téngsd sach
1 16
2 20
3 20
4 19
5 18

Hiy cho biét 16p trudng thong ké dd chinh
xac chua. Tai sao?

4. San luong nuoi tom phan theo dia phuong

clia cac tinh Ca Mau va Tién Giang duoc
thé hién 6 hai biéu do sau (don vi: tan):

Ca Mau
200000

175000
150000
125000
100000
75000 -

Mam 2008 Mam 2013 Mam 2018

Tign Giang
30000

25000
20000
- I I
5002 . .
Nam 2008 Mam 2013 Mam 2018
(Nguén: Tong cuc Thong ké)

a) Hay cho biét cac phat biéu sau la ding
hay sai:

i. San lwong nuoi tdm moi nim cua tinh
Tién Giang déu cao hon tinh Ca Mau.

ii. O tinh Ca Mau, san lwong nudi tom nam
2018 ting gap hon 4 lan so véi nim 2008.

iii. O tinh Tién Giang, san luong nuéi tom
nam 2018 tang gap hon 2.5 lan so véi
nam 2008.

iv. G tinh Tién Giang, tir nam 2008 dén
nam 2018, san lwong nudi tom moi nam
tang trén 50% so vo1 nam ci.

v. Trong vong 5 nim tir 2013 dén 2018, san
lwrgng nuoi tom cua tinh Ca Mau tang cao
hon ctia tinh Tién Giang.

b) B¢ so sanh san lwong nuéi tém cua hai
tinh Ca Mau va Tién Giang, ta nén st
dung loai biéu d6 nao?



5. Ban Chau can lan luot 50 qua vai thidu 7. M6t cira hang ban xe 6 t6 thay ddi chién
Thanh Ha duge Iya chon ngau nhién tir lwoc kinh doanh vao cudi nim 2019. SO xe
vuon nha minh va duoc két qua nhu sau: ctta hang ban duge mdi thang trong nim

2019 va 2020 duoc ghi lai ¢ bang sau:

Can nang
(don vi: gam) Soqu
8 1 Théang Nam 2019 Nam 2020
19 10 1 54 45
20 19 2 22 28
21 17 3 24 31
22 3 4 30 34
a) Hay tim s6 trung binh, trung vi, mot cia 3 35 32
mau s6 liéu trén. 6 40 35
b) Hiy tim d6 léch chuan, khoang bién 7 3] 39
thién, khoang tit phan vi va gia tr1 ngoai I¢ 3 29 13
clia mau so lidu trén.
9 29 33
6. Do tudi ciia 22 cau thi ¢ d6i hinh xuat phat 10 37 35
cua hai doi bong da duoc ghi lai ¢ ban,
. e y & il 40 34
sau
12 31 37
pA POLE, a) Héy tinh sb trung binh, khoang tt phan
28 32 vi va do léch chuan ctia so lwong xe ban
24 20 duoc trong nam 2019 va nam 2020.
26 19 b) Néunhan xét Ve tac dong cua chién luoc
25 21 kinh doanh mdi 1én s lwong xe ban ra
25 28 hang thang.
23 29
20 21
29 22
21 29
24 19
24 29

a) Hiy tim s6 trung binh, mot, do 1&ch
chuan va tit phan vi cia tudi mdi cau thi
cua tung do1 bong.

b) Tudi cla cac cau thi & doi bong nao
dfing déu hon? Tai sao?




HOAT DONG THU'C HANH

VA TRAI NGHIEM

BAI 1. Dung may tinh cim tay dé tinh toan voi
s6 gan dung va tinh cac sé dac trung cia mau
sO liéu thong ké

MUC TIEU ‘
— Biét stt dung may tinh cam tay dé tinh toan véi cac s6 gan dung.
— Biét stt dung may tinh cam tay dé tinh cac s6 dic trung ctia mau s6 liéu thong ké.
CHUAN BI
— May tinh cam tay.
— Sach giao khoa Toan 10.
TO CHUC HOAT DONG

HOAT DONG 1. Si dung may tinh cam tay dé tinh toan véi cac s6 gan ding

1. Tim hiéu cach cai dat lam tron s trén may tinh cim tay

Sau khi mé may, an lién tiép céc phim dé man
hinh hién lén bang Iua chon.

1:Input/Output |
2:Angle Unit

3 iNumber Format
4:Enegineer Swvmbol

]

An cac phim (3] dé chon muc Number Format (dinh 1:Fix
£5 2:5ci
dang s0). 3:Norm
An phim (1] d chon cai dat lam tron s6 thap phan (Fix). 1:Fix )
2:5ci
3:Norm
Fix:Select 0~8
Sau do, chon s6 chit 6 ¢ phan thap phan bang cach an phim e m X E
s6 twong ting (chon sb tir 0 dn 9).
Vi du: An phim (5] d2 chon lam tron so dén s6 thap phan
thu 5.
T ko 3 v+ 0 FIX 2
Thit két qua. - 5
Vi du: Tinh gia tr1 cua -\/3 ,lam tron dén so thap phan thi 5.
An lién tiép cac phim (2] (=) [s#D), ta dwoc két qua 1.41421

lam tron dén s6 thap phan thir 5 nhuw trong hinh bén.

B



2. Thure hanh sit dung may tinh cam tay dé tinh toan véi s g::’in dung

1 Thuc hién cac phép tinh sau trén may tinh cam tay (trong két qua lay 4 chit s6 &
phan thap phan):

3
a) 45 0.1 ; b) 42,18 +1 42,17 +1; ) b
J6.8

Hiréng dan: Thue hién cac budc cai dit lam tron s6 twong i nhu trén (vai s6 chit s6 ¢ phan
thap phan la 4), sau d6 tién hanh nhap bidu thitc can tinh toan.

HOAT DONG 2. St dung may tinh cam tay dé tinh cac sé dac trung cia mau sé liéu

théng ké

Vi dy: Tinh cac s0 dic trung do xu the trung tim va mmic do phan tan ctia mau so lidu diéu tra
vé 50 thanh vién trong mai ho gia dinh ctia mét xom cho boi bang tan so sau:

S6 thanh vién 2 3 4 3 6 7

S8 hé gia dinh 14 21 32 19 8 5

Stt dung may tinh cam tay, ta tién hanh cac bude sau:

1. Bét ché d6 bang tan so

Sau khi mé may, an lién tiép cac phim vaphimdi 1:Fraction Result|

2 a1 e 2:Complex
chuyen (@ de man hinh hién 1én bang Iira chon. R\ Jiatistics

4:Equation/Func

-

An phim (3] d chon muc Statistics (thong k8). Manhinh  Frequency?
s& hién thi bang lwa chon nhu hinh bén. 1:0n

DEnLT el 2:0ft
Tiép do, an phim [1] dé bat bang tan so.

2. Chuyén may tinh sang ché d6 thong ké va nhip dik liéu thong ké

An lién tiép cac phim (6] (1] d& chuyén may tinh 1&m Frea

sang ché d6 thong ké. Man hinh s& hién thi bang tan s6 nhu 3

& bén. )

Tién hanh nhap s6 thanh vién vao c6t bén trai (cot x) va so LA

ho gia dinh twong tng vao cot bén phai (cot Freq). d

Lt ¥: An phim (=) méi khi nhap xong mét s6liéu; Ancac *

phim @, ®, ., @ d di chuyén giita cac cot, hang

s0 lidu

An phim dé hoan tat vidc nhap s6 licu. Jd sm "
-
7 |
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3. Xem cac so dic trung cia mau so lieu thong ke va ghi ket qua

An lién tiép cac phim (2] d& may tinh hién thi két qua tinh cac s6 ddc trung clia mau

s6 lidu. An tiép phim () @ xem thém két qua.

= =1.0 B =1.3286094=f3 Mnawxis) =7

ZH =337 n. =39

ZHe =1765 mingzy =2

2 =1. 747372717 N =3

0y =].3218082263 M =4

52y =1.765203051 1l =h

Ta tinh duoc cac s6 dic trung ctia mau s6 lidu trén la:

S6 trung binh X 4,01010
Phuong sai (S?) o2X 1,74737
Do 1éch chuan (S) oX 1,32188
Phurong sai hidu chinh ( 5%) $2X 1,76520
C& mau n 99
Gia tri nho nhat min(x) 2
Tt phan vi thit nhat Q] 3
Trung vi (M) Med 4
Tt phan vi thit ba Q, 5
Gia tii 16n nhat max(x) 7

Phwrong phap hiéu chinh dit ligu:

e D& mé lai bang dit lifu d4 nhap: Anlién tiép cac phim 3]

e An cac phim @, ®, ®, @ @& tim dén s6 liéu can hidu chinh, nhap gia ti mdi va an
(=) dé thay doi.

QZ Két qua diéu tra vé s6 xe may ctia mdi ho gia dinh trong mét khu phéd dwoc cho béi bang
*

tan s6 saw:
S8 xe may 0 1 2 3 4 5
S8 hé giadinh 12 25 40 3 3 2

Tinh cac so dic trung do xu the trung tm va mitc do phan tan ctia mau so lidu trén.

S



BAI 2. Dung bang tinh dé tinh cac sé dac trung
cuia mau so liéu thong ké

MUC TIEU
— Biét dung cac 1énh ctia bang tinh (Microsoft Excel) d2 tinh cac s6 dic trung do xu thé trung
tam va mirc d6 phan tan clia mot mau s6 lidu thong ké.
— C6 co héi trai nghiém, van dung cac kién thic thong ké d phan tich s6 liéu trong hoat
dong thuc tién.

2

CHUAN BI
— May tinh d2 ban, may tinh bang hodc may tinh xach tay c6 cai phan mém Microsoft Excel.
— Sach giao khoa Toan 10.

I? r L

TO CHUC HOAT DONG
1. Nhip mét miu dit liéu thong ké vio cic hang va ¢t cita mét bang tinh trong bang tinh
Vi dy: Nhap dit liéu théng ké diém kiém tra mon Toan ctia 25 hoe sinh 16p 10A vao phﬁn
mém bang tinh va 1ap bang tan s6 nhu sau day:

A B | ‘& [l i |
BANG THONG KE PIEM KIEM TRA MON TOAN LOF 10A

1
2

3 &TT Ho va Tén Bitm KT mon Tosn Pi‘m | Tinsa

1 1 Lai Kigu Auh 1 1 3
5 2 Pham Thi Lan Anh 8 5 1
& 3 Tnromg Hué Bao 9 6 1
7 A Nguyén Bing 1 6.5 8
2 5 130i Xuan Durong 6.5 7 1
9 ¢ Neuyén Thanh Dat 6 7.5 1
10 7 Phan Minh Brc 6.5 8 2
11 ¥ Neuyen B (iia Han 5 Y 1
12 9 Trin Thanh Hi 10 10 1
13 10 Ngaryén Birc Hién 9 Tong, 25
14 11 Nguyén Gia Huy 6.5

15 12 Vi Nhidn Ehimh 6.5

16 13 Neuyén Thi Nea 5

1/ 14 Nguyén Hoang Nam 6.5

18 15 Nguyén Al Nlwr 7

19 16 I'ran (iia Phat ¥

20 17 Hodng Ngoc Phuong 6.5

21 18 Nguyén Vin Quang 5

22 19 I'rim Ha Som 5

23 20 Nguyén Flurong Thanh 1

24 21 PBd Thah Thao 6.5

25 22 Pang Thj Thuy 9

26 23 Nguyén Ding Tri Tin 0

27 24 Nguyén Thi Thu Lrang 6.5

28 2% Phan Tnrimg Vinh T

1



2. Tim hiéu mét s6 ham tinh s6 liéu thong ké trong bang tinh Excel

Tén sé do dictrung Nhap ham trong Excel Két qua
S6 trung binh =AVERAGE(C4:C28) 6,66
Trung vi =MEDIAN(C4:C28) 6,5
Tt phan vi thirnhat (Q,) | =QUARTILE.EXC(C4:C28,1) 5
Tt phan vi thit hai (Q,) =QUARTILE.EXC(C4:C28,2) 6,5
Tt phan vi tht ba (Q,) =QUARTILE.EXC(C4:C28,3) 8
M6t =MODE(C4:C28) 6,5
Phuong sai =VAR.P(C4:C28) 2,8144
D6 1éch chuan =STDEV.P(C4:C28) 1,677617358
Khoang tit phan vi (IQR) =I17-15 3

Trong d6, C4:C28 1a dia chi cot C tir hang 4 d&n hang 28 ctia bang tinh, noi ghi s6 liéu diém

- A ~ r = I
kiem tra mon Toan cua 16p.

2] B | c [0 N H
1 | BANG THONG KE PIEM KIEM TRA MON TOAN LOP 10A
3
3 511 Ho va I'én Piém KT mon ‘L'oan Piém | Tansé S@ trung binh 0,06
4 1|Lai Kiéu Aub 4 4 3 Trung vi 6.5
5 2|Pham Thj Lan Anh 8 5 4| |Tt phan vi thir nhat (Q1) 5
6 3| Trwong Hué Bao 9 6 1 Ttz phan vi thir hai (Q2) 6.5
7 4|Neny2n Bong 4 6.5 8 Tiz phan vi thit ba (Q3) 8
8 5|Bii Xuan Duong 6.5 7 1 Mot 6.5
9 6|NguyZn Thauh Da 6 7.5 1 Phirong sai 2.8144
10 7|Phan Minh Bre 6.5 8 2 D4 léch chudn 1.677617358
11 8|Nzuyin B3 Gia Hin 5 9 1 Khoang it phan vi 3
17 9|Tran Thanh H3 10 10 1
13 10 |Nguyan brec Hieu 9 1ong 25
14 11|NguyZn Gia Huy 6,5
15 12|Vii Nhén Khanh 6.5
16 13|Nguy2n Thi Nga 5
17 14 [Neny2n Hoang Nam 6.5
18 15 |Nguysn Ai Nhw 7
19 16| Trén Gia Phil 8
20 17 |Hoéng Nzoc Phwrong 6,5
34 18|Nguy?n Vin Quang 5
22 19|Tran Ha Son 5
23 20|Nguysn Phirong Thanh 4
24 | 21|Dd Thauh Thao 6.5
25 | 22|DPang Thi Thuy 9
26 23|Nguy2n Pang Tri Tin 9
27 24|Neuysn Thi Thu Trang 6.5
28 25|Phan Truong Vinh 7.5

B




3. Dung cic kién thitrc thong ké di hoc dé giai thich mét s6 két qua ciia bang tinh
Vi du:

o Tai sao MEDIAN(C4:C28) = QUARTILE.EXC(C4:C28,1)?

e Tai sao MODE(C4:C28) =6,5?

o Tai sao IQR = QUARTILE.EXC(C4:C28.3) - QUARTILE. EXC(C4:C28,1)?

o Tai sa0 VAR P(C4:C28) =[STDEV.P(C4:C28)]2

4. Phan tich cic s6 dac trung da thu duoc trong bang tinh dé néu nhin xét cia ban vé
ket qua hoc tap mon Toan cia lop

% Chia 16p theo t6 dé phan cong lam thong ké nhu trén d6i véi diém kiém tra mén Toan
= i 16p va téng hop cac két qua trong mot vin ban hodc trang trinh chiéu.

&;é;ﬁz Lam twong tw voi diém kiém tra cac mon hoc khac cuia lop.

Ban c6 biét?

Néu st dung ham QUARTILE.EXC d tinh tit phan vi thit nhat va thit ba ctia mau s6 liéu

trong vi du 4b (Chwong VI - Bai 3. Cac 56 dic trung do xu thé trung tim ciia mau s6 lidu):
2. 3. 10 1 38585 7

ta duoc két qua 0,=4,5vaQ,=10,75. K&t qua nay khac voi két qua ta dé tinh ra. Diéu

nay 1a do phan mém Microsoft Excel di s dung mot dang hidu chinh clia cong thitc tinh

tt phan vi thit nhat va thit ba. Véi mau ngau nhién di duoc sip xép x, <x, <.. < x,, ham

QUARTILE .EXC tinh tit phan vi thit nhat va thit ba nhu sau:

Q1 QZ Q3
3 1 1 1 1 3
n=4k 2% T e 3 Yokt %ok e e

1 1 1 1
n=4k+ 1 Exk he— 3 —Xpy Xap 3 X3 Ty 3 S V0S

1 3 1 1 3 1
n=4k+2 Zxk e 1 Yo Exz;m i+ Exzh-z 7 —X3pt 7 Xypes
n=4k+3 Xiia Xoks2 X3ke3

Nhu vy, ham QUARTILE EXC s& cho ra tit phéan vi thit nhat va thit ba giéng nhu cong thitc
ta dd hoc doi voi mau co ¢ 1é.

(Nguén: https://en.wikipedia.org/wiki/Quartile)
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BANG GIAI THICH THUAT NGU'

P6 thi ham s6

La tap hop tat ca cac diém M(x; flx)) véi x
thudc tap xac dinh cia ham sb.

Pé chinh xac

La s6 chénh léch gifta s6 gan dung ciia
s6 dung.

Pé l1éch chuin

La cén bac hai ciia phuwong sai, ki hiéu 1a S.

N

Nghiém ciia hé bat phwrong trinh bac nhéat
hai an

La nghiém chung thoa mén tat ca cac bat
phuong trinh co6 trong hé.

Ham s6 béc hai

Ham 6 bac hai theo bién x 14 ham sb cho
bai cong thitc c6 dang y = ax® + bx + ¢, voi
a, b, ¢ 1a cac 6 thuc va a khac 0.

Hé bat phirong trinh bac nhét hai 4n

Hé gom hai hay nhiéu bat phwrong trinh bac
nhat hai an.

Phwong sai
Phuong sai clia mau sé liéu, ki hiéu 1a S
dwoc tinh béi cong thirc:

= i((x, %) + (5, ~F) .t (5, - %)),

Khoang bién thién

Hiéu giita gia tii 1én nhét va gia tri nhé nhat
ciia mot mau s6 lidw

Khoang tir phan vi

Hiéu cua tir phan vi thit ba va fit phan vi
thir nhat.

Sai s6 tuyét doi

Néu a 1a s6 gan dung ctia s6 ding @ thi
A, =la - al duoc goi 14 sai 56 tuyét d6i caa
s6 gan dung a.

Sai s6 tirong doi

LAt 86 gitta sai s0 tuyét d6i va gia tri tuyét
d6i cia s6 gan ding.

S6 trung binh cong

Xk e

Y:
n

Ménh dé

L4 khai niém co ban cta toan hoc. Méi
ménh dé uén hodic dung hodc sai.

Mién nghiém ciia bat phirong trinh béc
nhat hai an

Trong mét phﬁng toa do Oxy, tap hop cac
diém (x,: ¥,) sao cho ax + by, + ¢ < 0 duoc
goi la mién nghiém ctia bat phwong trinh
ax+ by +¢<0.

Mién nghiém ciia hé bat phwong trinh
béc nhét hai a4n

La giao clia cac mién nghiém clia cac bat
phuong trinh co6 trong hé.

Mot

Cho mét mau s6 liéu dudi dang bang tan 6.
Gia tri c6 tan 6 16n nhét duoc goila mbt caa

mau s0 liéu.

Téapgia tri

Tap gi4 tri clia ham s6 y = f{x) 14 tap hop
gom tat ca cac gia tri y tuong ung véi x
thudc tap xac dinh.

Tap xac dinh

Tap xac dinh ciia ham s6 y = f{x) 1a tap hop
cac gia tri x 1am cho ham 6 c6 nghia.
Trung vi

La gia tri & chinh gifta ctia mau 6 liéu da
dwoc sap xép theo thit i khong giam.

Tt phan vi

Tt phan vi clia mot mau 6 liéu (theo thw tw
khoéng giam) gom ba gia tri, goi la tit phan
vi thit nhat, thit hai va thit ba. Ba gia tri nay
chia tap hop dit liéu i sdp xép thanh bon
phan déu nhau.

Vecto

La mot doan thfmg co6 hudng.

Vecto-khong

Vecto co diém dau va diém cudi tring nhau.
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BANG TRA CUU THUAT NGU'

Bat phwrong trinh bac nhat hai 4n

Dai lwong co hwong
Dai lwong v6 hwong
Diém cudi cia vecto
Diém dau cia vecto
Diéu kién can, diéu kién du
Diéu kién can va da
Pinh li césin

Pinh i sin

D6 thi ham 6

D6 chinh xac

D6 dai cta vecto

b6 1éch chuan

Gia cia vecto

Gia tr1 lwong giac
Gia ti1 ngoai 1

Giai tam giac

Giao cua hai tap hop

Goc giita hai vecto

Ham s6

Ham s6 bac hai

Ham s6 d6ng bién

Ham s6 nghich bién

Hé bat phuong trinh bac nhat hai an
Hiéu cna hai tap hop

Hiéu cta hai vecto

Hop cua hai tap hop

Khoang bién thién

Khoang tit phan vi

Trang

29

81
81

106
82
122
32

61
122

M Meénh dé

Meénh dé chita ki hiéu v

Meénh dé chira ki hiéu 3

Meénh dé dao

Meénh dé kéo theo

Meénh dé tirong duwong

Mién nghiém cia bé‘i‘f i
phuwong trinh bac nhat hai an
Mién nghiélp cﬁaqhé bat phwong
trinh bac nhat hai an

Mot

N ghién} cua l}é bat phwong trinh
béac nhat ha an

Phan bt ciia tap hop

Phwong sai

Quy tic ba diém
Quy tac hinh binh hanh

Sai s6 tuyét déi

Sai 86 twong d6i
S6 gan dung

S6 trung binh cong
Tap con

Tap gia tn

Tap rong

Tép xac dinh

Tich v6 hwdng cuia hai vecto
Téng ciia hai vecto
Trung vi

T phan vi

Vecto
Vecto—khong

Trang

31

34
117

106
105
112
18
41
16
41
99
88
114
116
81
85
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Nha xuit ban Gido dyc Viét Nam xin tran trong cam on
ciic tdc gid co tdc pham, tir liéu dirge sie dung, trich din
frong cuon sdach nay.

Chiu trach nhiém xuat ban
Chu tich Hoi déng Thanh vién NGUYEN BUC THAI
Téng Giam déc HOANG LE BACH

Chiu trach nhiém néi dung
Téng bién tap PHAM VINH THAI

Bién tap ndi dung: DANG TH| THUY — TRAN HA SON

Bién tap mi thuat: BUI XUAN DUONG

Thiét ké sach: BUI XUAN DUONG

Trinh bay bia: THAI HOU DUONG

Minh hoa: BUI XUAN DUONG

Stra ban in: DANG THI THUY — TRAN HA SON

Ché ban: CONG TY CP DICH VU XUAT BAN GIAO DUC GIA BINH

Ban quyén thudéc Nha xuéat ban Giao duc Viét Nam.

Tat ca cac phan ctia ndi dung cubn sach nay déu khéng duwoc sao chép, hwu trit, chuyén thé dwdi bat ki
hinh thntc nao khi chwa c6 sw cho phep béllg viin ban ciia Nha xuat ban Gido duc Viét Nam.
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TOAN 10 - TAP MOT (Chan troi sang tao)

Ma sO:

S6 QbXB.......... ngay.... thang.... nam 20....
In xong va ndp luu chiéu thing.... nam 20....
Ma s6 ISBN:



HUAN CHUGNG HO CHIMINH

BO SACH GIAO KHOA LGP 10 - CHAN TROI SANGTAO

1. Toan 10, Tap mot 13.
2. Todn 10, Tap hai

3. Chuyén dé hoc tap Toan 10 14.
4. Ngirvan 10, Tap mot 15.
5. Ngitvan 10, Tap hai 16.
6. Chuyén dé hoc tap Ngit van 10 17.
7. Tiéng Anh 10 Friends Global 18.
8. Lichst 10 19.
9. (Chuyén dé hoc tap Lich st 10 20.
10. Diali 10 21.
11. Chuyén dé hoc tap Biali 10 22.

12. Gido ducKinh t& va Phap ludt 10 23.

Chuyén dé hoc tap Gido duc Kinh té

va Phép luat 10

Vatli10

Chuyén dé hoc tap Vatli 10

Hod hoc 10

Chuyén dé hoctap Hod hoc 10

Sinh hoc 10

Chuyén dé hoc tap Sinh hoc 10

Amnhac 10

Chuyén dé hoc tap Am nhac 10

Hoat dong trdi nghiém, huéng nghiép 10 (BAN 1)
Hoat dong trai nghiém, huéng nghiép 10 (BAN 2)

Cac don vi dau méi phat hanh

e MiénBic:
e Mién Trung:
e Mién Nam:

e Cllulong:
Sach dién tur:

Kich hoat dé mé hoc liéu dign ti: Cao lgp nhiltrén tem
dé nhan ma sd. Truy cap httpy//hanhtrangso.nxbgdvn
va nhap ma sd tai biéu tugng chia khoa.

CTCP Dau tu va Phat trién Gido duc Ha Noi
CTCP Séach va Thiét bi Gido duc mién Bac

CTCP Dau tu va Phat trién Gido duc Da Néng
CTCP Séch va Thiét bi Gido duc mién Trung

CTCP Dau tu va Phat trién Gido duc Phuong Nam
CTCP Séach va Thiét bi Gido duc mién Nam

CTCP Séch va Thiét bi Gido duc Clru Long
http://hanhtrangso.nxbgd.vn
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